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Abdeljawad et al. (2018) introduced a new concept, named double controlled metric type spaces, as a generalization of the notion
of extended b-metric spaces. In this paper, we extend their concept and introduce the concept of double controlled quasi-metric
type spaces with two incomparable functions and prove some unique fixed point results involving new types of contraction
conditions. Also, we introduce the concept of & — ¢ — k double controlled contraction and prove some related fixed point results.
We give several examples to show that our results are the proper generalization of the existing works.

1. Introduction and Preliminaries

The theory of fixed points takes an important place in the
transition from classical analysis to modern analysis. One of the
most remarkable work on fixed point theory was done by
Banach [1]. Various generalizations of Banach fixed point
theorem were made by numerous mathematicians, see [2-4].
One of the abstraction of the metric spaces is the quasi-metric
space that was introduced by Wilson [5]. The commutativity
condition does not hold in general in quasi-metric spaces.
Several authors used this concept to prove some fixed point
results, see [6-18]. On the other hand, Bakhtin [19] and Czerwik
[20] established the idea of b-metric spaces. Lateral, many
authors got several fixed point results, for instance, see [21-25].
Kamran et al. [26] introduced a new idea to generalized
b-metric spaces, named as extended b-metric spaces, see also
[27-30]. They replaced the parameter b>1 in the triangle
inequality by the control function 6: GxG — [1,00).
Nurwahyu [31] introduced dislocated quasi-extended b-metric
space and obtained several fixed point results. Mlaiki et al. [32]
generalized the triangle inequality in b-metric spaces by using
control function in a different style and introduced controlled

metric type spaces. Recently, Abdeljawad et al. [33] generalized
the idea of extended b-metric spaces as well as controlled metric
type spaces and introduced double controlled metric type
spaces. They replaced the control function 6 in triangle in-
equality by two control functions « and y. Now, we recall some
basic definitions and examples that will be used in this paper.

Definition 1 (see [33]). Given noncomparable functions
a,p: GXxG — [1,+00). If f: GxG —> [0, +00) satisfies

(ql) f(v,p) =0if and only if v =y

(q2) f(v,y) = f(y,v)

(@3) fWy)<a(ve)f(ve) +uley)fley), for all
v,7,e €G

Then, f is called a double controlled metric type with the
functions «, p and the pair (G, f) is called double controlled
metric type space with the functions a, y.

Theorem 1 (see [33]). Let (G, f) be a complete double
controlled metric type space with the functions a,py: G x G
— [1,+00) and let T:G— G be a given mapping.
Suppose that the following conditions are satisfied.
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There exists k € (0,1) such that
fT),T(y)<kf(c y), foralld,yeG. (1)

For v € G, choose v, = TPv,. Assume that

sup llm (x(UH-I’ 1+2)
mz1 i——+eo Oé(l)l, 1+1)

1
ll/l(vi+1’vm) <E' (2)

In addition, for every v € G, we have

Pirr:oo (x(v, v P) and hm y(v v) exist and are finite.
(3)

Then, T has a unique fixed point v* € G.

Definition 2. Given noncomparable functions a,u: GX
G — [1,400). If f: GXxG — [0, +00) satisfies

(Q1) f(v,p) =0 if and only if v = y

(Q2) f(v,y)<a(v,e)f (v,e) +ule,y)f (e,y), for all
v,y,e €G

Then, f is called a double controlled quasi-metric type
with the functions « and y and (G, f) is called a double
controlled quasi-metric type space. If (e, y) = a(e, y), then
(G, f) is called a controlled quasi-metric type space.

Remark 1. Any quasi-metric space, double controlled
metric type space, and controlled quasi-metric type space are
also double controlled quasi-metric type space, but the
converse is always not true (see Examples 1-3).

Example 1. Let G = {0,1,2}. Define f: G x G — [0, +00)
by f(0,1)=4, f(0,2)=1, f(1,0)=3=f(1,2),
f(2,00=0, f(2,1) =2,and f(0,0) = f(1,1) = f(2,2) =

Define a,u: GxG — [1,400) as a(0,1) =a(1,0) =

a(1,2) =1, «(0,2) =5/4, «(2,0) =10/9, «a(2,1) =20/19,
a(0,0) =a(1,1) =a(2,2) =1, 4(0,1) = u(1,0) = u(0,2) =
u(1,2) =1, u(2,0)=3/2, u(2,1)=11/8, and u(0,0)=
u(l,1)=pu(2,2) =1

To show that the usual triangle inequality in quasi-metric
is not satisfied. Let v = 0, e = 2, and y = 1, then we have

f(0,1)=4>3=1(0,2)+ f(2,1), (4)

this shows that f is a double controlled quasi-metric type for all
v,9,e € G, but it is not a controlled quasi-metric type. Indeed,

255
f(0,1) = 4>——(x(0 2)f(0,2) +a(2,1)f(2,1). (5
Also, it is not a double controlled metric type space
because we have

f(0,1) =4=a(0,2)(0,2) +u(2,1) f(2,1) # £ (1,0).
(6)

Definition 3. Let (G, f) be a double controlled quasi-metric

type space with two functions. A sequence {UP} 1s con-

vergent to some v in G if and only if lim

P—>+00f
(UP’ l)) = limp—>+oof(v’ l)p) =0.

Complexity

Definition 4. Let (G, f) be a double controlled quasi-metric
type space with two functions:

(i) The sequence {vp} is a left Cauchy if and only if for
every € >0, we obtain a positive integer p, such that
f(0,v,) <8 for all p>m>p, or
lim,,, 0 f (V,,0,) =0

(ii) The sequence {v p} is a right Cauchy if and only if for

every ¢ > 0, we obtain a positive integer p, such that
f(yv,) <g for all m>p>p,or lim,,, . f
(V> vp) =0

(iii) The sequence {v P} is a dual Cauchy if and only if it is

left Cauchy as well as right Cauchy

Definition 5. Let (G, f) be a double controlled quasi-metric
type space. Then, (G, f)(G, f) is

(i) Left complete if and only if each left Cauchy se-
quence in G is convergent

(ii) Right complete if and only if each right Cauchy
sequence in G is convergent

(iii) Dual complete if and only if every left Cauchy as
well as right Cauchy sequence in G is convergent

Note that each dual complete double controlled quasi-
metric type space is left complete as well as right complete,
but converse is not true in general.

2. Main Results

In this section, we generalize the definition of the fixed point
for double controlled quasi-metric type spaces with two
incomparable functions « and p which are given as follows.

Theorem 2. Let (G, f) be a left complete double controlled
quasi-metric type space with the functions a,u: GxG
— [1,+00) and let T: G —> G be a given mapping. Sup-
pose that the following conditions are satisfied.

There exists k € (0,1) such that
f(T¢,Ty)<kf(c,y), foralld,yeG. (7)

For v, € G, choose v, = TPv,. Assume that

p
lim @ (Um) Ui+2)

1
15 - 8
i m—>+00 “(Ui’ vi+1) A“(Uﬁ—l Um) < k ( )

In addition, for every v € G, we have

lim oc(v, vp) and lim y(v v) existand are finite.

p—r+00 p—r+00
(9)

Then, T has a unique fixed point v* € G.
Proof. Let v, € G be an arbitrary element and {vp} be the

sequence defined as above. If v, = Tv,, then v, be a fixed
point of T. By (7), we have

F(vpr0put) < K7 F (0001,

For all natural numbers p <m, we have

peN (10)
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F(vpvm) < vy,
(“ ”wl)f “p’“pﬂ)
( p+1’vm U vp+2> ) ( p+2’vm)

Up1 ) f (0 0pr) +

(

)

(R f(vp’ Upr) +
)

V)

<a
<a

( p+1’ U JW\V p+2) ) ( p+3’
< ..

< (05 pu1)f (0 ) + mZ<H #(upv

i=p+1 \ j=p+1

[T #(vp

j=p+1

(1
< (v, 0,1 )k f (V0o 0) + <Hu vj,v
£ (e

I\)

m—

DD

i=p+1

<o(vy,

p+1)k f Vg, U

,_.

i=p+1 \ j=p+1

,_.

i

= (p’ p+1)kf Ug> U)) +
i=p+1

H
=0

Let
P i )
Sp = Z( ”(UJ’U )>“(Ui’ V1)K (12)
i=0 \ j=0
Hence, we have
f(vp, vm) < f (v, vy) [kpoc(vp, vpﬂ) +S,1 - Sp]. (13)

Let a; = (]_[i-,oy(vj,vm))a(vi,vi+1)ki. By using (8), we
have hm,H +oo (@541/a;) < 1. By the ratio test, the infinite
series lel(]_[Fopt(vj,vm))oc(vl-,um)ki is convergent, and
let p,m tend to infinity in (13), which implies that

lim f( )=0.

pm—>+00
Since (G, f) is a left complete double controlled quasi-
metric type space, there exists some v* € G such that

(14)

Jim f(opvt) = dim f(vhv)=00 (s)
By using (Q2) and (7), we have
f5To ) <a(v",v,,) f(07,0,,)
+ (V1 TV ) f 0y, T 06

o6y ) "9
+ ky(va, Tv*)f(vp, v*)f(v*, Tv").

By taking limit p tends to infinity together with (9) and
(15), we get f (v*,Tv*) = 0, that is, Tv* = v*. Now, we have
to show that the fixed point of T is unique for this; let £ € G
be such that T¢ = & and v* #¢&, so we have

( p+1’vm)f(vp+1’v””)
( Upt1> UM)“(UPH’ UP+2>f(vP+1’ vl’*z)

o)

))“(UP vl+1)f

( p+l’vm)“(“erl’Up+2>f(vp+l’vp+2)
( p+1’vm ["(vp+2> ) ( p+2’ p+3)f(vp+2)vp+3)
(v O) f(Vpes

k=p+1

m—1

(11)

z+1)+ H [J(Uk, m)f(vm 1> Um )

>(X(Uz” vi+1)kif(UO’v1) + H .“(Ubvm)kmilf(vmvl)

i=p+1

>(X(UP vz+1)k f (UO’ vl)

> (v Ui+1)kif (Vg v1)-

Example 2. Let G =

by

f'8) = f(Tv', TE) <kf (v

5 8). (17)

So, v* = &. Hence, v* is a unique fixed point of T. [

fiy) 0 1
3
0 0 -
4
2
1 - 0
5
1 1
2 -
5 4

2

| —

[S2RIE N

o

Given o, y: GXx G —> [1,+00) as

a(v,y) 0 1
21
0 1 —
20
3
1 -1
2
2 1 1
u(v,y) 0 1
11
0 1 —
10
1 11
2 1 2

{0,1,2}. Define f: GxG — [0,+00)

(18)

(19)



It is easy to see that (G, f) is a double controlled quasi-
metric type and the given function f is not a controlled
metric type for the function a. Indeed,

£(1,2) =§>%= a(1,0)£(0,2) + «(0,1)£(0,1).  (20)

Take TO=T2 =0, T1 =2, and k = 1/2. We observe the
following cases:

(i) If ¢ =0 and y = 1, we have

. 11 3 .
f(Tc,Ty)=§<§><1=kf(c,y). (21)

So, inequality (7) holds. Also, it holds if ¢ = 1 and.
(ii) Inequality (7) holds trivially in the cases when ¢ = 0
and y=2and if ¢ =2 and y = 0.
(iii) If ¢ = 1 and y = 2, we get

. 1 1 4 .
f(Tc,Ty):g<E><§:kf(c,y). (22)

Similarly, in the case when ¢ =2 and y =1, we have
f(T¢, Ty)<kf(c, y). So, (7) holds for all cases. Now, let
vy =2,s0wehave v, =Ty, =T2=0and v, =0, 0, =0,

lim (X(Ui+1, Ui+2)

(Uano,) =1<2=%  (23)
im—>+00 a(vi’ Ui+1) U\Vi15 V) = —k.

That is, (8) holds. In addition, for each v € G, we have

lim cx(v, v
p—+00 p

) <ooand lim y(vp, v) <0o0. (24)

p—+00

That is, (9) holds. Hence, all conditions of Theorem 2 are
satisfied, and v = 0 is a unique fixed point.

3. Further Results

In this section, we introduce the concept of & — y — k double
controlled contraction and prove related fixed point results
with some examples.

Complexity

Definition 6. Let G be a nonempty set, (G, f) be a left
complete double controlled quasi-metric type space with the
functions a, y: GxG — [1,+00), and T:G— G be a
given mapping. Assume there exists k € (0,1/2) such that

1
h, = sup{ka(c, y),¢, y € G} < >
(25)

1
h, = sup{ku(c, )¢, y € G} <5

Suppose that the following conditions are satisfied:

F(TaTy)<k[f (& Ty) + f(3,T¢), forallé,y €G.

(26)
For vy € Gand v, = T?v,, we have

lim % (Vi1 Vir2)

1-h
im—ico (Vi) # (Vi) < h (27)

where h = max{hl,hz}. Also, for each v € G, we have

Pl_i)n}(m oc(vp, v) < 00,

lim a(v,v )<oo, (28)

p—+00 P

lim y(vp, v) < 00.

p—>+00

Then, T is called & —  — k double controlled contraction.

Theorem 3. Let (G, f) be a left complete double controlled
quasi-metric type space with the functions a,u: GxG
— [1,+00) and let T: G — G be a — u — k double con-
trolled contraction. Then, T has a unique fixed point v* € G.

Proof. Let v, € G be an arbitrary element and {v } be the
sequence defined as above. If vy = Tv,, then v, is a fixed
point of T. By (26), we have

f(vpn “p+1) = f<T“p71’T”p) Sk[f(vpfl’T“p) + f(“p’Tvpfl)]

IN

k[f(vp1vp0) + f(0po0,)]

<ke(vp150p) F(0po150p) + kit gt ) f (v V1)
f(vp, vpﬂ) < hlf(vp,l, vp) + hzf(vp, vp+1), (by Definition 6)

<hf(vp1vp) +hf (0 vpar)

(1= 1) f(vp vper) <hF (V51 0p),

=

(29)

f(vpvpn) < = hf(“p—v vp) (30)
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Now,
f(vp,l, vp) = f(Tvp,z,Tvp,l) Smax{f(Tvp,z,Tvp,l),f(Tvp,l,Tvp,2)},

<k[f(vp20p) + F(vp1o0p1)];
<ka(vy 20y ) f(0p2 05 1) + Ket(vp150) f (0510 0p),
< hlf(vp_z, Up_l) + hzf(vp_l, vp), (by Definition 6)

(1= f(vp1vp) Shf(vpavp),

(31)

OSHEAE 1 hf(“p—Z’ Upe1):

VU, ) SV, 0 Ups U
Combining (30) and the above inequality, we get f( 4 ) ( F pﬂ)f( b pﬂ)

o)< (125) oo 3 (1 e

i=p+1 \ j=p+1

Continuing in this way, we obtain

h
F(vpvpn) <1 -

Now, to prove that {UP} is a Cauchy sequence, for all
natural numbers p <m, we have

+ H ¢ (0 V) f (Vo1 V).

k=p+1

P
h) £ (vg,v1). (33) (34)

Using (33), we get

h P
f(up, vm) < rx(vp, vP+1)<m> f(vgvy)

ﬂ_i(ﬂlﬂ( )) >( )f(vo,)
(1) s

(35)
h P
< “(Up: Up+1)<m> f(vo,vy)

m-1 i AN
+ < .“(Uj’ Um))“(“i)viﬂ)(m) f (0o, 01),
i=p+l \ j=0

Hence, we have

h p
f(vp, vm) < f (v, vy) [<m> a(vp, vp+1) +8,,1 — Sp].

(36)

infinite series Y 1(]_[] Oy(v],v Na(v;,v,,,) (B (1 - h) is
convergent, and let p,m tend to infinity in (36), which yield
lim,,, . f(vy0,,) =0. (37)

So, the sequence {vp} is a left Cauchy. Since (G, f) is a

Let g, (H] o4 (V) v))a (v, v;40) (R (1 —h))". By us-
ing (27), we have lim;__,, a;,,/a; < 1. By the ratio test, the

left complete double controlled quasi-metric type space,
there must be exist some v* € G such that
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lim f(v ,v*) —0= lim f(v*,vp). (38) We claim that Tv* = v*. By (26), we have

)+u

)+u
v*,vp+1)+;4(vp+1,7"v* k [f(vp_l,Tv*)+f(v v )] +;4( Vs T )kf(u vp+1)

)+u

N

O CRUY R C )
. . . \ (39)
Soc(v ,up+1)f(v vp+1)+/,t(vp+1,Tu )k[f(vp Tv )+f(v UP+1)]
<0051 ) (07 0p ) + (0 TV ) [ £ (0o, To") + £(070p)] + (0pr, T )RS (07, 00 )
Soc(v* UPH)f(U* vp+1)+[4(vp+1,7"u*)k2 oc(vp_1 v*)f( Uppp ¥ )
+y(v TU*)f(v*,Tv )+f(v* UP)] +y( Vpers TO" )kf(u Up+1)
<o(v",0,0 ) F(0" vpur) + (Vg To (01,07 f (01 07)
+(h2)2f(v* Tv" )+y( Vpers TV )k f(v vp)+/,t(upJrl Tv )kf(v Up+1)
fey 0o 1 2
By taking limit as p tend to infinity together with (38), we
get 0 0 2 1
(1= (r)*)f (" To") <0. (40) ; ° ;‘ )
Hence, v* = Tv*, which is a contradiction. Now, we have 1 20 0 5
to show that the fixed point of T is unique for this let v** € G
such that Tv** = v**, so we have 2 17 0
f@5v™) =f(Tv*,Tv**)sk[f(v*,Tv**) + (v, To))] > 0wy 0 2
Given o, y: G X G — [1,+00) as (1) é/s 102“00 i
<k[f(©"0™)+ f(v™,0")] g(v,y) PR 2 11710 1 1
and | L1 - Itis easy that (G, f) is a double
k * % *
S (1 _ k)f (v70) contri)lled ciualsi—nlletric type space. The given f is not a
controlled metric for the function a. Indeed,
2 307
S<1_ ) F(os0™) f(2,1) _E>%_ «(2,0)£(2,0) + a(0,1) (0, 1).
(43)

Take TO =T2 =2, T1 =0, and k = 2/5, and we observe
the follows cases:

k 2n
S<1_k) f,u™). (i) If ¢ =0 and y = 1, we have
(41)
1 8 2 4
By taking limit as n tend to inﬁnigy, we have v* = v**. f(TC Ty) = g s = 5 [0 + g]
Hence, v* is a unique fixed point of T. O (44)

=k[f (& Ty) + f (3. TS
Example 3. Take G = {0, 1, 2}. Define f: Gx G — [0, +00)
by If c¢=1and y =0, we get
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f(T¢,Ty) = s 23 k[f (&, Ty)+ f(y,TO)].  (45)

(ii) It is straightforward in the case when we take ¢ = 0
and y = 2.
(iii) If ¢ = 1 and y = 2, we get

122[4
4 5 5

1 . .
S| k@I fRTOL (46)

Similarly, in the case when we take ¢ = 2 and y = 1, that
is, inequality (26) holds, we have

1
h, = sup{ka(c, y), ¢, y € G} <
(47)
= sup{ku(é, ), ¢,y € Gl <=
and h = max{h,, h,} = 12/25. Now, let v, = 1, and we have

=Tvy=T1=0, v,=Tv, =T0=2, v;=T2=2, v;=
2,...

lim (Vi1 Visa)
im—+oo ot (V;, ;)

1-h
#(UHI’ Um) =1 <T’ (48)

which shows that (27) holds. In addition, for each v € G, we
have

pi@m oc(vp, v) < 00,
Plir?m oc(v, vp) < 00, (49)
pl—l>n+loo ‘u( ) < 0o0.

That is, (28) holds. All conditions of Theorem 3 are
proved, and v = 2 is the unique fixed point.

Definition 7. Let (G, f) be a complete quasi-b-metric space.
T: G — G is called Chatterjee-type b-contraction if the
following conditions are satisfied:

f(TE,Ty) <k[f (&, Ty) + f (3, TO), (50)
forall ¢,y € G, k € (0,1/2), and
1-kb
bad 51
b< B (51)

Theorem 4. Let (G, f) be a complete quasi-b-metric space
and T: G — G be Chatterjee-type b-contraction. Then, T
has a unique fixed point.

Remark 2. In the Example 3, f is a quasi-b-metric with
b>16/13, but we cannot apply Theorem 4 because T is not a
Chatterjee-type b-contraction. Indeed, b £ (1 — kb)/kb, for all
b>16/13.

4. Conclusion

In the present paper, we have obtained sufficient conditions
to ensure the existence of the fixed point for different types of

contractive mappings in the setting of double controlled
quasi-metric type spaces. Examples are given to demonstrate
the variety of our results. New results in quasi-b-metric
spaces, extended b-metric spaces, extended quasi-b-metric
spaces, controlled metric spaces, and controlled quasi-
metric spaces can be obtained as corollaries of our results.
Also, results in right complete and dual complete double
controlled quasi-metric type spaces can be obtained in a
similar way. It is natural to ask, Are there other multivalued
contraction mappings which can be applied to obtain more
results in the double controlled quasi-metric type spaces? Is
there interest to find serious applications to integral equa-
tions and dynamical systems?
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