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Abstract In this analysis, the interfacial layer and shape effects has been inspected numerically for

the Darcy Forchheimer electromagnetic flow of single-walled carbon nanotubes (SWCNT) and

multi-walled carbon nanotubes (MWCNTs) with base fluid (water) nanofluids. The influence of

nonlinear thermal radiation and homogenous and heterogeneous chemical reactions are also taken

into account. A revised Hamilton Crosser model is implemented for measuring interfacial layer and

shape effects of carbon nanotubes-water nanofluid. The flow problem for examining the heat trans-

fer features has been modeled in term of nonlinear equations by incorporating the Hamilton–

Crosser model. The main objective for performing the current work is to analyze how the shapes

of nanoparticles effect towards the flow of considered fluid with various thermal features. The

entropy generation analysis is performed as novelty. The governing dimensionless equations are

numerically solved by fourth order Runge–Kutta method computational shooting technique.

The relevant parameter variations on axial, radial, tangential velocity, temperature, concentration,

skin friction, Nusselt number, entropy generation rate and Bejan number are highlighted. The

enhanced shape factor of nanoparticles contributes to accelerated flow along axial and radial direc-

tions while it yields decelerated flow along tangential direction of lower and upper disks. The
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Nomenclature

u; v;wð Þ velocity components in increasing r; /; zð Þ direc-

tions ms�1
� �

nf nanofluid
np nanoparticle
bf basefluid

HT heat transfer
HTR heat transfer rate
NLTR non linear thermal radiation

HHR homogeneous and heterogeneous reactions
SVD surface viscous drag
CNT carbon nanotube

SWCNT single walled CNT
MWCNT multiwalled CNT
LD lower disk
UD upper disk

BLT boundary layer thickness
TBLT thermal boundary layer thickness
TC thermal conductivity

HC heat capacitance
EDV effective dynamic viscosity
TE thermal expansion

qnf effective density of the nf kgm�3
� �

qs density of CNTs kgm�3
� �

qf density of bf kgm�3
� �

qCp

� �
nf

HC of the nf J kg2 m3K�1
� �

qCp

� �
f

HC of bf J kg2 m3K�1
� �

qCp

� �
CNT

HC of CNTs J kg2 m3K�1
� �

lnf EVD of the nf kgm�1s�1
� �

lf EVD of bf kgm�1s�1
� �

bf TE of bf K�1
� �

bs TE of CNTs K�1
� �

knf TC of nf W m�1 K�1
� �

kf TC of bf W m�1 K�1
� �

ks TC of CNTs W m�1 K�1
� �

p pressure (Pa)
T fluid temperature in the boundary layer Kð Þ
T1;T2ð Þ temperatures of (LD,UD) Kð Þ

C1;C2ð Þ concentrations of species A and B moles=litreð Þ
r� Stefan Boltzmann constant
k� mean absorption coefficient
C0 ambient concentration moles=litreð Þ
B0 uniform strength of magnetic field Teslað Þ
E0 uniform strength of electric field V=mð Þ
K porous medium permeability
F ¼ cdffiffiffiffi

K�p
� �

inertia coefficient in the porous medium

cd drag coefficient
h1; h2ð Þ convective heat transfer coefficients at (LD, UD)

Wm�2K�1
� �

/ solid volume fraction
Re rotational Reynolds number
Gr thermal Grashof number
M Hartman number

A1;A2ð Þ stretching parameters for (LD, UD)
X rotation parameter
Pr Prandtl number

Sc Schmidt number
Nr radiation parameter
K1 homogeneous reaction parameter

K2 heterogeneous reaction parameter
Ec Eckert number
hr temperature ratio parameter

B1;B2ð Þ Biot numbers
P porosity parameter
E1 electric field parameter
Fr local inertia coefficient

Br Brinkman number
a temperature difference parameter
b1; b2ð Þ diffusion parameters with respect to (homoge-

neous, heterogeneous) reaction

Subscripts
nf nanofluid
f base fluid

CNT carbon nanotube
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augmented interfacial layer parameter enhances heat transportation from the surfaces of lower and

upper disks.

� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Due to remarkable thermal performances of nano-materials,

the scientists have intended some special attention on this topic
in recent decade. The nanoparticles attain enhanced thermal
properties as compared to the normal fluids. The conventional
base materials like biological liquids, water, oil, ethylene glycol

offer less thermal performances which report poor conductiv-
ity process. The thermal transport of nano-materials evaluate
novel applications in solar energy, nuclear reactor, space tech-

nology, cooling devices, microelectronics, bio-medical applica-
tions, treatment of diseases, cancer tissues etc. The shape and
size of such nano-metallic particles attribute the thermal
assessment of nanofluids [1–7].

Nanolayer is the solid-like structure developed in between
the surface of base fluid molecules and nanoparticles [8]. In
fact, interfacial layer in nanoparticles is a nano-scaled shell

surrounding the particles. It comprises of liquid molecules
but behaves as solids. Because the interfacial layer is placed
at the liquid-solid interface, it plays a role like an intermediate

physical state with complex interface electrostatic effects and
therefore acts as an important thermal bridge between the

http://creativecommons.org/licenses/by-nc-nd/4.0/
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nanoparticles and base fluid. The thickness of this interfacial
liquid layer is of the order of nanometer. Such nanolayer plays
a vital role in heat transportation from solid to the adjacent

liquid.
In the history of progress of nanotechnology in the twenty-

first century, carbon nanotubes (CNTs) such as single-walled

carbon nanotubes (SWCNT) and multi-walled carbon nan-
otubes (MWCNTs) possessing outstanding electrical, thermal,
mechanical, chemical and optical properties are being consid-

ered as prime candidate materials in multidisciplinary fields
including material science, automotive, optical, electrical,
aerospace, bio-medical and energy conversion for nano-scale
applications [9,10]. Experimental and theoretical studies have

ensured that thermal conductivity of cylindrical structured
nanoparticles is higher than that of spherical nanoparticles
[9]. In view of high thermal conductivity, large specific surface

area (SSA), high aspect ratio and low specific gravity, carbon
nanotubes have been chosen by researchers as best suitable
nanoparticles to improve the overall thermal conductivity

and therefore the performance of existing heat transfer system.
Choi et al. [11] successfully presented the basic work on ther-
mal aspects of nanoparticles. In their pioneering study they

dispersed multi-walled carbon nanotubes nanoparticles in syn-
thetic poly oil base fluid. They found 160% augmentation in
thermal conductivity for 1.0 vol% of carbon nanotubes
nanoparticles. Henceforward, many researchers studied on

the flow and heat transfer of nanofluids with consideration
of different base fluids and carbon nanotubes as nanoparticles
subject to different geometries in varied homogeneous/hetero-

geneous media. Nadeem and Shehzadi [12] examined the heat
transfer features in the peristaltic transport of viscous fluid by
using single wall carbon nanotube. Mahanthesh et al. [13]

examined the applications of irregular heat source in flow of
both single and multi-walled wall carbon nanotubes confined
by rotating disks. The impact of homogeneous and heteroge-

neous chemical reactions in flow of single-walled carbon nan-
otubes over plane surface has been analyzed numerically by
Ahmed et al. [14]. Chaudhary and Kanika [15] studied the
marangoni convection flow of single-walled carbon nanotubes

(SWCNT) and multi-walled carbon nanotubes (MWCNTs) in
presence of magnetic force. The experimental analysis for flow
of hybrid nanofluid was inspected by Shahsavar and Bahiraei

[16]. Shehzad et al. [17] analyzed the thermal enhancement of
single-walled carbon nanotubes and multi-walled carbon nan-
otubes in presence of slip effects and exponential heat source.

Dawar et al. [18] discussed the unsteady squeezing flow of car-
bon nanotube induced by rotating channels along with exter-
nal features of entropy generation and viscous dissipations.

Entropy generation minimization (EGM) is inevitable in all

real life and practical applications, for example, heat pumps,
power plants, air conditioners, heat engines and refrigerators
etc undergoing flow and heat transportation with objective

of enhancement of thermal efficiency. Bejan [19] was the first
researcher who disclosed the fundamental causes of entropy
generation in the convective heat transfer problems. Many

researchers (Farooq et al. [20], Nayak et al. [21], Khan et al.
[22], Chamkha et al. [23], Afridi et al. [24], Khan et al. [25],
Khan et al. [26]) then investigated the EG analysis and the

effect of entropy generation minimization in the various flow
problems.

Motivated in a thoughtful essay on the literature survey, we
have studied the influence of interfacial nanolayer and shape
effect in the electromagnetic flow of SWCNT/MWCNT-
water nanofluids subject to homogenous and heterogeneous
chemical reactions and nonlinear thermal radiation. The appli-

cations of porous medium have been suggestion by using
Darcy Forchheimer relations [27–29].

Based on authors’ knowledge and above literature survey it

is obvious that the problem of interfacial nanolayer effect sub-
ject to two rotating disks is not investigated in earlier works.
The effective thermal properties of nanoparticles are studied

by using the modified Hamilton and Crosser model. This mod-
ified model was originally introduced by Hamilton and Crosser
in 1962 [30]. Based on this model, the suggested expressions
convey applications of nanoparticles size, shape in addition

to the volume fraction. The inspection of nanoparticles shape,
size and various thermal mechanisms can be effectively pre-
dicted by incorporating Hamilton and Crosser model. Based

on Hamilton and Crosser mdel, many interesting contributions
have been suggested by scientists [31–37]. The motivating
objective of this analysis is to inspect how the shapes of

nanoparticles effect towards the flow of considered fluid with
various thermal features. Runge–Kutta method of fourth
order is the novel numerical approach for the developed non

dimensional equations of the present problem. The distin-
guished characteristics of axial, radial and tangential velocity,
temperature and nanoparticles concentration, Nusselt number,
entropy generation and Bejan numbers under the influence of

interfacial nanolayer and shape factor in presence of NLTR
and HHRs are explored with aid of suitable graphs and
extended numerical tables.

2. Physical model

We consider a steady Darcy-Forchheimer electromagnetic flow

of nanofluid with SWCNT and MWCNT suspensions between
two stretchable parallel rotating disks subject to subject to
nonlinear thermal radiation and homogenous and heteroge-

neous chemical reactions. An incompressible viscous fluid sat-
urates the porous space describing Darcy-Forchheimer
expression. In this study, pure water is considered as base fluid

and single-walled carbon nanotubes (SWCNT) and multi-
walled carbon nanotubes (MWCNTs) is taken as nanoparti-
cles. Both disks rotate with angular velocities (X1 and X2)
and stretching rates (a1 and a2) respectively. We assume that

the bottom surface of the disk gets heated by convection from
a hot fluid with temperature T0 while that of upper disk as T1.
The disks are h distant apart as shown in Fig. 1.

The homogenous reaction in cubic autocatalysis is defined
as:

Aþ 2B ! 3B; rate = kcC1C
2
2

The expressions for first order isothermal reaction on the

catalyst surface are:
A ! B; rate= ksC1where kc and ks represents the rate con-

stants while C1 and C2 denote the concentration of chemical
species A and B; respectively. It is assumed that reaction rate

is minor in the outer edge of boundary and in the external flow
regime. Further, it is assumed that both reaction processes are
isothermal.

The governing physical equations are [5–7]:
@u

@r
þ u

r
þ @w

@z
¼ 0; ð1Þ



Fig. 1 Flow model.
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u @u
@r
� v2

r
þ w @u

@z
¼ � 1

qnf

@p
@r
þ lnf

qnf
@2u
@r2

þ 1
r
@u
@r
� u

r2
þ @2u

@z2

� �
þ qbð Þnf

qnf
g T� T2ð Þ þ rnf

qnf
E0B0 � B2

0u
� �

� lnf
qnf

u
K
� Fu2;

ð2Þ

u @v
@r
þ uv

r
þ w @v

@z
¼ lnf

qnf
@2v
@r2

þ 1
r
@v
@r
� v

r2
þ @2v

@z2

� �
þ qbð Þnf

qnf
g T� T2ð Þ þ rnf

qnf
E0B0 � B2

0v
� �

� lnf
qnf

v
K
� Fv2;

ð3Þ

u
@w

@r
þ w

@w

@z
¼ � 1

qnf

@p

@z
þ lnf

qnf

@2w

@r2
þ 1

r

@w

@r
þ @2w

@z2

� �
; ð4Þ

qCp

� �
nf

u @T
@r
þ w @T

@z

� � ¼ knf þ 16r�T3

3k�

� �
@2T
@r2

þ 1
r
@T
@r
þ @2T

@z2

� �
þ 16r�T2

k�

� �
@T
@r

� �2 þ @T
@z

� �2� �
þ lnf

@u
@z

� �2 þ @v
@z

� �2h i
þrnf u2 þ v2ð ÞB2

0 � 2E2
0

	 
þ lnf u2þv2ð Þ
K

þ qnfF u3 þ v3ð Þ;

ð5Þ

u @C1

@r
þ w @C1

@z
¼ DC1

@2C1

@r2
þ 1

r
@C1

@r
þ @2C1

@z2

� �
� kcC1C

2
2; ð6Þ

u @C2

@r
þ w @C2

@z
¼ DC2

@2C2

@r2
þ 1

r
@C2

@r
þ @2C2

@z2

� �
þ kcC1C

2
2; ð7Þ
with

u ¼ ra1; v ¼ rX1; w ¼ 0;�knf
@T
@z

� � ¼ h1 T1 � Tð Þ ;
DC1

@C1

@z

� � ¼ �DC2

@C2

@z

� � ¼ ksC1 at z ¼ 0

u ¼ ra2; v ¼ rX2; w ¼ 0;

�knf
@T
@z

� � ¼ h2 T� T2ð Þ ; C1 ! C0; C2 ! 0 as z ! h

9>>>>=
>>>>;

ð8Þ

In ABOVE boundary conditions, u ¼ ra1 and u ¼ ra2 are

the radial boundary conditions. Here ‘‘u” the radial velocity
while a1 and a2 are the stretching rates. It is remarked that a1
is the lower disk stretching rate along the radial direction while

a2 is the upper disk stretching rate along the radial direction.
The physical, thermal and electrical properties of nanofluid

are:

lnf ¼ lf
1�/ð Þ2:5 ;

qnf ¼ 1� /ð Þ qf þ /qCNT;

qCp

� �
nf
¼ 1� /ð Þ qCp

� �
f
þ / qCp

� �
CNT

;

qbð Þnf ¼ 1� /ð Þ qbð Þf þ / qbð ÞCNT;

rnf ¼ rf 1þ
3

rCNT
rf

�1

� �
/

rCNT
rf

þ2

� �
� rCNT

rf
�1

� �
/

2
4

3
5

9>>>>>>>>>>>=
>>>>>>>>>>>;

ð9Þ

Jiang et al. [8] developed a renovated Hamilton-Crosser
model in order to introduce the effect of the interfacial nanolayer
as well as an empirical shape factor in effective thermal conduc-

tivity of carbon nanotube (CNT) based nanofluid within the
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parameter range 0 6 / 6 0:01. In this case, mono-sized ellip-
soidal particles having semi-axes a, b, and c a P b P cð Þ are cov-
ered by interfacial nanolayer around them (see Fig. 2).

The nanolayer possesses an intermediate thermal conduc-
tivity between the base liquid, kf and the CNT, kp because

the layered molecules exist in an intermediate physical state
between a liquid and a solid. Hence, Jiang et al. [8] revised

the Hamilton and Crosser model [30] and developed new
model depicting effective thermal conductivity as

knf ¼ kf
kpe þ n� 1ð Þkf þ n� 1ð Þ kpe � kf

� �
/e

kpe þ n� 1ð Þkf � kpe � kf
� �

/e

; ð10Þ

where kpe is the thermal conductivity of the equivalent

nanoparticles (nanoparticles/nanolayer composite), /e is the

effective nanoparticles volume fraction and n is an empirical
shape factor, kl is the average thermal conductivity of the
interfacial nanolayer.

Here,

kpe ¼
2kp þ 1þ t

b

� �2 � 1
h i

kp þ kl
� �

2kl þ 1þ t
b

� �2 � 1
h i

kp þ kl
� � kl; ð11Þ

/e ¼ 1þ t

b

� �2

/; ð12Þ

n ¼ sph�c; ð13Þ

kl ¼ kf
1þ t

b
� a

a t
b

ln 1þ t
b

� �
ln

1þt
b

a

� �
for cylindrical particle with a P b ¼ cð Þ

ð14Þ
Fig. 2 Schematic of the cylindrical nanoparticles with an

interfacial nanolayer.
The sphericity, for a cylindrical particle [35]:

sph ¼ 2e dð Þ 1� e2 dð Þ½ �16
e dð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� e2 dð Þp þ arc Sine dð Þ ; ð15Þ

with e as the eccentricity of the nanoparticles and d lying
between 0 and t.

The transformations include:

u; v;wð Þ ¼ rX1f
0 fð Þ; rX1g fð Þ; �2hX1f fð Þð Þ;

h fð Þ ¼ T�T2

T1�T2
; p ¼ qf X1tf P fð Þ þ 1

2
r2

h2
e

n o
;

/ fð Þ ¼ C1

C0
; v fð Þ ¼ C2

C0
; f ¼ z

h
:

9>>=
>>; ð16Þ

where e is the pressure parameter, g is the non-dimensional dis-
tance along the axis of rotation. Further, f, g and h are func-
tions of g. From (12),

h fð Þ ¼ T� T2

T1 � T2

;

Or T ¼ T2 1þ hr � 1ð Þh½ �; ð17Þ
where hr ¼ T1

T2
is the temperature ratio parameter.

Taking help of (9) to (17), (2) to (8) take the form

C2f
000 þ Re 2ff00 � f0ð Þ2 þ g2

h i
þ Gr

Re
C3h

þ C1C4MRe E1 � f0ð Þ � PReC2f
0 � FrRe f0ð Þ2 � eC1 ¼ 0;

ð18Þ

C2g
00 þ 2Re fg0 � gf0ð Þ þ Gr

Re
C3h

þ C1C4MRe E1 � gð Þ � PReC2g� FrReg ¼ 0; ð19Þ

C1P
0 þ 4Reff0 þ 2C2f

00 ¼ 0; ð20Þ

C5 C6 þ 4
3Nr

1þ hr � 1ð Þh½ �3
� �

h00 þ 4
Nr

1þ hr � 1ð Þh½ �2 hr � 1ð Þ h0ð Þ2
n o

þ2PrRefh0 þ C7 Br f00ð Þ2 þ g2
h i

þ C4 C5 MReBr f0ð Þ2 þ g2 � 2E2
1

h i
þ C5

C1
BrReFr f0ð Þ3 þ g3

h i
¼ 0;

ð21Þ

1

ReSc
/00 þ 2f/0 � K1/v

2 ¼ 0; ð22Þ

d
1

ReSc
v00 þ 2fv0 þ K1/v

2 ¼ 0; ð23Þ

f 0ð Þ ¼ 0; f0 0ð Þ ¼ A1; g 0ð Þ ¼ 1;

C5h
0 0ð Þ ¼ �B1 1� h 0ð Þ½ �; /0 0ð Þ ¼ �dv0 0ð Þ ¼ K2/ 0ð Þ;

f 1ð Þ ¼ 0; f0 1ð Þ ¼ A2; g 1ð Þ ¼ X;

C5h
0 1ð Þ ¼ �B2 1� h 1ð Þ½ �; / 1ð Þ ¼ 1; v 1ð Þ ¼ 0; P 0ð Þ ¼ 0:

9>>>=
>>>;
ð24Þ

We assume that DC1
and DC2

are equal, i.e., O = 1. This

assumptions develops the relation

/ fð Þ þ v fð Þ ¼ 1; ð25Þ
Using (25), (22) and (24) become

1

ReSc
/00 þ 2f/0 � K1/ 1� /ð Þ2 ¼ 0; ð26Þ
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f 0ð Þ ¼ 0; f0 0ð Þ ¼ A1; g 0ð Þ ¼ 1;

C5h
0 0ð Þ ¼ �B1 1� h 0ð Þ½ �; /0 0ð Þ ¼ K2/ 0ð Þ;
f 1ð Þ ¼ 0; f0 1ð Þ ¼ A2; g 1ð Þ ¼ X;

C5h
0 1ð Þ ¼ �B2 1� h 1ð Þ½ �; / 1ð Þ ¼ 1; P 0ð Þ ¼ 0:

9>>>>>=
>>>>>;

ð27Þ

Differentiating (18) with respect to f,

C2f
iv þ Re 2ff000 þ 2gg0½ � þ Gr

Re
C3h

0

� C1C4MRe þ PReC2ð Þf00 � 2FrRe ff
00 ¼ 0; ð28Þ

The pressure term can be obtained by integrating (20) with
respect to f and taking limit from 0 to f.

We have,

C1Pþ 2 Ref2 þ C2 f
0 � f0 0ð Þ½ �� � ¼ 0; ð29Þ

In the aforesaid equations, we have

Re ¼ rX1h
tf

; Gr ¼ gbfT2 hr�1ð Þh3
t2
f

; M ¼ rB2
0
h

rX1
;A1 ¼ a1

X1
;

A2 ¼ a2
X1
; X ¼ X2

X1
; E1 ¼ E0

B0rX1
; P ¼ tfh

KrX1
; Fr ¼ Fh; hr ¼ T1

T2
;

Pr ¼ tf
af
; Nr ¼ k�kf

4r�T3
2

; Ec ¼ r2X2
1

T2 hr�1ð Þ cpð Þ
f

; Br ¼ Pr:Ec;

Sc ¼ tf
Dc1

; K1 ¼ k0C
2
0

X1
; K2 ¼ ksh

Dc1

; B1 ¼ hh1
kf
;B2 ¼ hh2

kf

9>>>>>>>>=
>>>>>>>>;
ð30Þ

and

C1 ¼ 1

1�/ð Þþ/
qCNT
qf

� � ; C2 ¼ 1

1�/ð Þ2:5 1�/ð Þþ/
qCNT
qf

� �n o ;

C3 ¼
1�/ð Þþ/

qbð ÞCNT
qbð Þf

n o
1�/ð Þþ/

qCNT
qf

� � ; C4 ¼ rnf
rf
; C5 ¼ 1

1�/ð Þþ/
qCpð ÞCNT
qCpð Þf

n o ;

C6 ¼ knf
kf
; C7 ¼ 1

1�/ð Þ2:5 1�/ð Þþ/
qCpð ÞCNT
qCpð Þf

n oh i :

9>>>>>>>>>>=
>>>>>>>>>>;

ð31Þ
The surface drags at lower and upper disks (Cf1 and Cf2 ) are

Cf1 ¼ sw jz¼0

qf rX1ð Þ2 and Cf2 ¼ sw jz¼h

qf rX1ð Þ2 ;

Where shear stresses are defined as

szr ¼ lnf
@u
@z




z¼0

¼ lfrX1f
00 0ð Þ

h 1�/ð Þ2:5 and szh ¼ lnf
@u
@z




z¼0

¼ lfrX1g
0 0ð Þ

h 1�/ð Þ2:5 ;

Hence, the total shear stress is

sw ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2zr þ s2zh

q
¼ lfrX1

h 1� /ð Þ2:5 f00 0ð Þ½ �2 þ G0 0ð Þ½ �2
n o

; ð32Þ

The non-dimensional surface drag forces become

Cf1Rer ¼
1

1� /ð Þ2:5 F00 0ð Þ½ �2 þ G0 0ð Þ½ �2
n o1

2

; ð33Þ

Cf2Rer ¼
1

1� /ð Þ2:5 F00 1ð Þ½ �2 þ G0 1ð Þ½ �2
n o1

2

; ð34Þ

The heat transfer rates for lower and upper disks (Nur1 and

Nur2 ) respectively are

Nur1 ¼ hqw
kf T1�T2ð Þ





z¼0

and Nur2 ¼ hqw
kf T1�T2ð Þ





z¼h

;

Where the heat flux qw reads

qw ¼ �knf
@T
@z

� �þ qrjz¼0 and qw ¼ �knf
@T
@z

� �þ qrjz¼h;
The non-dimensional local Nusselt numbers read

Nur1 ¼ � C6 þ 3

4Nr
1þ hr � 1ð Þh 0ð Þf g3

� �
h0 0ð Þ: ð35Þ

Nur2 ¼ � C6 þ 3

4Nr
1þ hr � 1ð Þh 1ð Þf g3

� �
h0 1ð Þ: ð36Þ

where Rer ¼ rX1h
mf

is the local Reynolds number.

3. Entropy generation analysis

The local entropy generation of the nanofluids is given by

SG ¼ kf

T2
2

knf
kf

þ 16r�T3

3kfk
�

� �
@T

@z

� �2
" #

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Thermal irreversibility

þ lnf u
2 þ v2ð Þ
T2K

þ qnfF

T2

u3 þ v3
� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Porous medium irreversibility

em
lnf

T2

@u

@z

� �2

þ @v

@z

� �2
" #

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Viscous dissipation irreversibility

þ rnf

T2

u2 þ v2
� �

B2
0 � 2E2

0

	 

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Electromagnetic heating irreversibility

þRDc1

T2

@C1

@z

� �
@T

@z

� �
þ RDc1

C1

@C1

@z

� �2

þ RDc2

T2

@C2

@z

� �
@T

@z

� �
þ RDc2

C2

@C2

@z

� �2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Mass diffusion irreversibility of homogeneous and heterogeneous reactions

;

ð37Þ
The entropy generation rate is

NG ¼ a C6 þ 4
3Nr

� �
h0ð Þ2 þ P

1�/ð Þ2:5 BrRe f0ð Þ2 þ g2
h i

þ FrReBr
/1

f0ð Þ3 þ g3
h i

þ Br

1�/ð Þ2:5 f00ð Þ2 þ g0ð Þ2
h i

þC4ReBrM f0ð Þ2 þ g2 � 2E2
1

h i
þ b1 � b2ð Þh0/0

þ /0ð Þ2
a

b1
/ þ b2

1�/

� �
;

ð38Þ

The related Bejan number is

Be ¼
a C6 þ 4

3Nr

� �
h0ð Þ2 þ b1 � b2ð Þh0/0 þ /0ð Þ2

a
b1
/ þ b2

1�/

� �
a C6 þ 4

3Nr

� �
h0ð Þ2 þ P

1�/ð Þ2:5 BrRe f0ð Þ2 þ g2
h i

þ FrReBr
/1

f0ð Þ3 þ g3
h i

þ Br

1�/ð Þ2:5 f00ð Þ2 þ g0ð Þ2
h i

þC4ReBrM f0ð Þ2 þ g2 � 2E2
1

h i
þ b1 � b2ð Þh0/0 þ /0ð Þ2

a
b1
/ þ b2

1�/

� �
ð39Þ

where NG ¼ SG
h2T2

kf T1�T2ð Þ is the entropy generation rate,

Br ¼ lfr
2X2

1

kf T1�T2ð Þ, a ¼ T1�T2

T2
b1 ¼ RDC1

C0

kf
, b2 ¼ RDC2

C0

kf
.

4. Numerical solution

The system of governing equations (9), (15) and (16) are highly
coupled and nonlinear. The analytical solution is not possible

and hence, the numerical simulation is required to solve the
governing equations with help of the given boundary condition
(equation 17). The coupled and nonlinear governing equations

are solved using shooting method of the symbolic computer
algebraic software MATLAB by converting the boundary
value problem into an initial value problem (IVP). At the ini-

tial stage, the higher order term of the differential equation is
written in the lower order form as:
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fiv ¼ � 1

C2

2Re ff000 þ gg0ð Þ þ Gr

Re
C3h

0 � C1C4MRef00
�

þ2
C2Re

C1

Ref2 þ C2 f0 � A1ð Þ� �
f00 � 2FrReff

00
�
; ð40Þ

g00 ¼ � 1

C2

2Re fg0 � f0gð Þ þ Gr

Re
C3h

0 � C1C4MRef00
�

þ2
C2Re

C1

Ref2 þ C2 f0 � A1ð Þ� �
f00 � 2FrReff

00
�
; ð41Þ
h
0 0 ¼ �

4C5

Nr
1þ hr � 1ð Þhf g2 hr � 1ð Þh02 þ 2PrRefh

02 þ C7Br f
0 02 þ g2

� �
@þ C4C5MReBr f

02 þ g2 � 2E2
1

� �
þ C5

C1
BrReFr f

03 þ g3
� �

C5 C6 þ 4
3NR

1þ hf � 1
� �

h
� �3h i ; ð42Þ
/
0 0 ¼ �ReSc 2f/

0 � K/ 1� /ð Þ2
h i

: ð43Þ

At the first, reduce the governing equations into a system of

first order differential equations and for that introducing the
new variables as:

y1 ¼ f; y2 ¼ f0; y3 ¼ f00; y4 ¼ f000; y5 ¼ g; y6 ¼ g0; y7

¼ h; y8 ¼ h0; y9 ¼ /; y10 ¼ /0: ð44Þ
Further, write the governing equations in a matrix form with

y ¼ f; f0; f00; f000; g; g0; h; h0; /; /0½ �T as

d

dg

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

¼

y2
y3

y4

� 1
C2

2Re y1y4 þ y5y6ð Þ þ Gr
Re
C3y8 � C1C4MRey3

	
þ2 C2Re

C1
Rey1

2 þ C2 y2 � A1ð Þð Þy3 � 2FrRey1y3

i
y6

� 1
C2

2Re y1y6 � y2y5ð Þ þ Gr
Re
C3y8 � C1C4MRey3

	
þ2 C2Re

C1
Rey21 þ C2 y2 � A1ð Þ� �

y3 � 2FrRey1y3

i
y8

�

4C5

Nr
1þ hr � 1ð Þy7f g2 hr � 1ð Þy28 þ 2PrRey1y

2
8 þ C7Br y23 þ y25

� �
þC4C5MReBr y22 þ y25 � 2E2

1

� �þ C5

C1
BrReFr y32 þ y35

� �
C5 C6þ 4

3NR
1þ hf�1ð Þhð Þ3

h i
/0

�ReSc 2y1y10 � Ky9 1� y9ð Þ2
h i

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

ð45Þ
and the corresponding boundary conditions can be written as

y1 0ð Þ; y2 0ð Þ ¼ A1; y1 1ð Þ ¼ 1; y2 1ð Þ ¼ A2;

y4 0ð Þ ¼ 1; y5 1ð Þ ¼ X;

C5y8 0ð Þ þ B1 1� y7 0ð Þð Þ; C5y8 1ð Þ þ B2 1� y7 1ð Þð Þ;
y10 0ð Þ � K2y9 0ð Þ; y9 1ð Þ;

ð46Þ

Secondly, we transform the given boundary value problem

into an initial value problem and use an ordinary differential
equations solver in MATLAB to numerically integrate this sys-
tem, with the initial conditions given by

y 0ð Þ ¼ 0; A1; S1; S2; 1; S3; S4; �B1

C5

1� S4ð Þ; S5; K2S5

� �
;

ð47Þ
where S1;S2;S3;S4 and S5 are unknowns.

Thirdly, consider a guess value for the unknowns and solve
equation (32) using the MATLAB’s ODE solver. Shooting
method is applied to find the initial guess which is based on

the linear interpolation of the boundary value specified on
the initial mesh of 15 equally spaced point is made. Continue
the process until get a convergence and for that we bound

the convergence criteria as error Eij j < tolerance ¼ 10�10

where errors are defined as
E1 ¼ y3 1;S1ð Þ � f00 1ð Þ;
E2 ¼ y4 1;S2ð Þ � f000 1ð Þ;
E3 ¼ y6 1;S3ð Þ � g0 1ð Þ;
E4 ¼ y7 1;S4ð Þ � h 1ð Þ;
E5 ¼ y9 1;S5ð Þ � / 1ð Þ;

ð48Þ
5. Results and discussion

In this section, a careful analysis on the characteristics of
radial, axial and angular velocities, temperature and nanopar-

ticles concentration, surface drag force (on the surface of lower
and outer disks), HTR (from the surface of lower and outer
disks), EG number and Bejan number under the influence of

embedded physical parameters is carried on through the con-
structed apposite graphs and numerical tables. Such pertinent
parameters include interfacial ratio parameter t=bð Þ, particle
volume fraction /ð Þ, Reynolds number Reð Þ, thermal Grashof
number Grð Þ, Hartmann number Mð Þ, stretching parameter of
lower disk A1 and stretching parameter of upper disk A2, rota-
tion parameter Xð Þ, Prandtl number Prð Þ, Schmidt number

Scð Þ, radiation parameter Nrð Þ, homogeneous reaction param-
eter K1ð Þ, heterogeneous reaction parameter K2ð Þ, Eckert num-
ber Ecð Þ, temperature ratio parameter hrð Þ, thermal Biot

numbers (B1 and B2), porosity parameter Pð Þ, electric field
parameter E1ð Þ, local inertia coefficient Frð Þ and Brinkman
number Brð Þ, temperature difference parameter að Þ, diffusion
parameter with respect to homogeneous reaction b1ð Þ, diffu-
sion parameter with respect to heterogeneous reaction b2ð Þ.
The fixed values of the embedded parameters include
Re¼ 0:1;Gr ¼ 0:5;M ¼ 1;Fr ¼ 0:5;E1 ¼ 0:5;Nr¼ 0:2;hr ¼ 1:2;
Pr ¼ 7;Br ¼ 0:5; Sc ¼ 20;K1 ¼ 0:2;K2 ¼ 0:1;A1 ¼ 0:5;A2 ¼
0:1;X ¼ 0:5;B1 ¼ B2 ¼ 0:5;/ ¼ 0:01;a ¼ 0:1;b1 ¼ 0:1;b2 ¼ 0:2;
/1 ¼ 0:1. Thermo physical properties of base fluid such as

water and nanoparticle such as CNTs are incorporated in
Table 1.

5.1. Axial velocity characteristics

This section imparts an embodiment of the axial velocity char-
acteristics influenced by the significant physical parameters in



Table 1 Thermo-physical properties of the base fluid and

nanoparticles at T = 300 K.

q Kg=m3
� �

CP J=KgKð Þ k W=mKð Þ lf Ns=m2
� �

Pure Water 997.1 4179 0.613 0.001003

SWCNTs 2600 425 6600

MWCNTs 1600 796 3000

Fig. 3 Impact of Re on f.

Fig. 4 Impact of M and nature of nanoparticles on f.

Fig. 5 Impact of / on f:

Fig. 6 Impact of shape factor c on f.
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the flow of CNT-water nfs structured with interfacial nano-
layer. Fig. 3 illustrates that increase in Re peters out the axial

velocity f fð Þ at lower disk (LD) while at upper disk (UD) the
magnitude of f fð Þ gets reduced. In the absence of external mag-
netic field i.e., in the hydrodynamic flow M ¼ 0ð Þ, f fð Þ was

with greater value. In the presence of magnetic field strength
i.e., in the MHD flow M–0ð Þ, f fð Þ follows a decelerated flow
pattern both at lower and upper disks. However, f fð Þ possesses
lower magnitude at the UD than that at LD (Fig. 4). How did
the decay occur? The inhibition of Lorentz force is realized.
Lorentz force resists the motion of the conducting CNT-

water nf, therefore, decelerated flow situation is the expected
outcome. Impact of nanoparticle volume fraction
/ / ¼ 0; 0:3; 0:6; 1ð Þ on f fð Þ is demonstrated in Fig. 5. In case

of base fluid / ¼ 0%ð Þ, the magnitude of f fð Þ was low. With
the insertion of CNTs as nanoparticles, f fð Þ gets augmented,
though marginally at both disks. In fact, UD moves with axial

velocity greater than that of LD (Fig. 5). The influence of
shape factor c c ¼ 1; 1:55; 1:8; 2ð Þ on f fð Þ is well depicted in
Fig. 6. It is understood that rise in c with varied shape of
nanoparticles an accelerated flow along axial direction is

achieved for both LD and UD.

5.2. Radial velocity characteristics

This section enshrines the valuable contributions of the impor-
tant embedded parameters to the radial velocity field. Fig. 7

witnesses that the radial velocity f0 fð Þ of CNT-water nf gets
declined at LD due to rise of Re. There is a reflection point



Fig. 7 Impact of Re on f0:
Fig. 9 Impact of shape factor c on f0:
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near g ¼ 0:4. An opposite trend is attained beyond that point
(for UD). As Re is raised the inertial effect due to rotation of
LD enhances which in turn causes the flow to sluggish. Nega-

tive values of f0 fð Þ demonstrates that the UD moves faster than
LD. The physical rationale behind it is that the raising the val-

ues of magnetic field retards the motion of CNT-water nf. This
is evident from Javed et al. [29]]. Further the decelerated flow is
greater for SWCNT than that of MWCNT while the acceler-
ated flow is greater for MWCNT than that of SWCNT. In

the absence of stretching A1 ¼ 0ð Þ of LD, f0 fð Þ vanishes for
LD and is insignificant for UD (due to rotation). As A1 is

raised, f0 fð Þ seemingly strengthens near LD while it exhibits a

downward trend near UD (Fig. 8). Negative values of f0 fð Þ
at LD is meant to ensure that UD moves faster than the
LD. Increase in c c ¼ 1; 1:55; 1:8; 2ð Þ yields marginally accel-
erated flow near the LD and UD (Fig. 9).

5.3. Tangential velocity characteristics

In this section, the real nature of tangential velocity under the

impact of influencing parameters has been described in very
Fig. 8 Impact of A1 on f0:
lucid manner. In the absence of thermal buoyancy Gr ¼ 0ð Þ,
g fð Þ was low. Increase of Gr Gr ¼ 0; 0:5; 1; 2ð Þ has played a role
in the increase of g fð Þ for both LD and UD (Fig. 10). In hydro-
dynamic flow M ¼ 0ð Þ, g fð Þ attains high value at LD and low

value at UD. However, for MHD flow M–0ð Þ, g fð Þ declines
near LD indicating decelerated flow there and yields a persis-
tent upward trend near UD (beyond the reflection point near

g ¼ 0:3)indicating accelerated flow there. No significant varia-
tions appear in both types of flows for SWCNT and MWCNT
(Fig. 11). In the absence of inertia Fr ¼ 0ð Þ, g fð Þ is low for both
disks. With the raise of Fr Fr ¼ 0; 0:5; 1; 2ð Þ, g fð Þ peters out

(Fig. 12). With no stretching of LD A1 ¼ 0ð Þ, g fð Þ has greater
magnitude for both disks. However, due to gradual increase of
stretching of LD A1 ¼ 0; 0:2; 0:5; 0:8ð Þ, g fð Þ gets diminution for

both disks. It is envisioned that g fð Þ profiles merge at f ¼ 1.
This implicates that g fð Þ attains a saturated value g fð Þ ¼ 0:5
unit above the surface of UD (Fig. 13).

5.4. Thermal characteristics

This section focuses on the exploration regarding the thermal

characteristics due to the flow of CNT-water nfs in the pres-
Fig. 10 Impact of Gr on g fð Þ.



Fig. 11 Impact of M on g fð Þ for SWCNT and MWCNT nps.

Fig. 12 Impact of Fr on g fð Þ.

Fig. 13 Impact of A1 on g fð Þ.

Fig. 14 Impact of Nr and t=b on h fð Þ.

4076 M.K. Nayak et al.
ence of interfacial nanolayer subject to varied shape of
nanoparticles. The behavior of fluid temperature h fð Þ for var-
ied estimations of interfacial ratio parameter t

b

� �
t
b
¼ 0:1; 0:3

� �
and Nr Nr ¼ 0; 0:3; 0:5ð Þ is understood from the sight

(Fig. 14) clearly. A rise in t
b

� �
declines h fð Þ and hence augments

the rate of heat transportation (HT) into the nf. Further, rise in
TR (increase in Nr) decays h fð Þ and the related BLT. The influ-

ence of t
b

� �
and / on h fð Þ is illustrated in Fig. 15. Augmented

t
b

� �
reduces h fð Þ. Further, at each t

b

� �
(for instance at t

b
¼ 0:1),

rise in / / ¼ 0:01; 0:03; 0:05; 0:08ð Þ upsurges h fð Þ and the
related BLT i.e.,

h fð Þj/¼0:01 < h fð Þj/¼0:03 < h fð Þj/¼0:05 < h fð Þj/¼0:08 at t
b
¼ 0:1.

Influence of / on h fð Þ for both SWCNT and MWCNT is

visualized in Fig. 16. As / rises, h fð Þ augments for SWCNT-
water and MWCNT-water nfs near both LD and UD. Physi-
cally, rise in the volume fraction of nps implicating their more

thermal conductivity which in turn causes more heat to pene-
trate more into the quiescent. This is evident from Mustafa
et al. [35]. There are indications that the magnitude of h fð Þ is
low for SWCNT-water nf than that of MWCNT-water nf.
Increase in M peters out h fð Þ for both SWCNT and MWCNT
nfs at LD and UD. However, the decay is more for SWCNT–
Fig. 15 Impact of / and t=b on h fð Þ(about t/b).



Fig. 16 Impact of / on h fð Þ for SWCNT and MWCNT.

Fig. 17 Impact of M on h fð Þ for SWCNT and MWCNT.

Fig. 18 Impact of shape factor c on h fð Þ.

Fig. 19 Impact of Pr and t=b on h fð Þ.

Fig. 20 Impact of Br and t=b on h fð Þ.
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water than that of MWCNT-water nfs (Fig. 17). Augmented c
peters out h fð Þ near both the disks (Fig. 18). Higher Prandtl

fluid (more Pr) contributes to low h fð Þ and the shrinkage of
TBL. Low Prandtl fluid promotes to high h fð Þ. Regardless

the nature of Prandtl fluid (low or high), rise in t
b

� �
has resulted

in decline of h fð Þ for both LD and UD (Fig. 19). At each
Prandtl fluid h fð Þ is high for LD and low for UD.Fig. 26

addresses that h fð Þ belittles due to rise in t
b

� �
. At each t

b

� �
, null

Br yields maximum h fð Þ and rise of Br causes h fð Þ to decay.
This results in significant rate of HT from the LD as well as
UD. However, the values of h fð Þ are less near UD (Fig. 20).

This is because Brinkman number Brð Þ and thermal conductiv-

ity knf
� �

have inverse relation. Therefore, for rising values of

Brð Þ, the thermal conductivity knf
� �

d1rop down which in turn-

belittles the temperature. This is well agreed with Hayat et al.

[37]. Regardless t
b

� �
value, increase in hr diminishes h fð Þ and

the related BLT and consequently enhances the HTR
(Fig. 21). Incremented convective heating (rise in B1) reduces

h fð Þ and the related BLT (Fig. 22). Further, Fig. 23 reveals

that increase in t
b

� �
yields fall in h fð Þ. At each t

b

� �
, increase in

B2 belittles h fð Þ with lower magnitude near the UD.



Fig. 21 Impact of hr and t=b on h fð Þ.

Fig. 22 Impact of B1 on h fð Þ.

Fig. 23 Impact of B2 and t=b on h fð Þ.

Fig. 24 Impact of Sc on x fð Þ.

Fig. 25 Impact of K2 on x fð Þ.
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5.5. Nanoparticles concentration characteristics

This section reflects the nps concentration behavior in relation

to associated parameters. Fig. 24 demonstrates the nature of
nps concentration x fð Þ in relation to the absence and presence
of Sc(Sc ¼ 0 and Sc–0). As Sc is raised, x fð Þ sharply enhances
providing significant accumulation of nps concentration. In

the absence of heterogeneous reaction K2 ¼ 0ð Þ, x fð Þ was very
high, however, with increase of K2(in the presence of more and
more heterogeneous reaction), there has been substantial

increasing of x fð Þ and the related BLT (Fig. 25). Rise in c
uplifts x fð Þ(Fig. 26).

5.6. Surface viscous drag and HTR characteristics

In this section, surface viscous drag and HTR characteristics
due to the influence pertinent parameters have been narrated.

As Gr is augmented, skin friction coefficient Cf 0ð Þ� �
decays.

This implicates that the viscous drag diminishes at the surface

of both LD and UD with increase of thermal buoyancy in the
presence of interfacial nanolayer (Figs. 27 and 28). Table 2



Fig. 26 Impact of c on x fð Þ.

Fig. 27 Impact of Gr on Cf 0ð Þ against Re.

Fig. 28 Impact of Gr on Cf 1ð Þ against Re.
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reveals that increase in Re Re ¼ 5; 10; 20ð Þ has amplified on the

effects of surface viscous drag (SVD) Cf 0ð Þ� �
for LD and

Cf 1ð Þ� �
for UD. When thermal buoyancy rises (Gr increases),

Cf 0ð Þ� �
and Cf 1ð Þ� �

diminish as expected (Table 2). In the

light of increment of Fr;A1;A2, SVD Cf 0ð Þ� �
and Cf 1ð Þ� �

upgrade their values while they peter out due to rise in
M(Table 2). The rate of HT peters out from the surface of
LD within the strength M ¼ 2 unit. Beyond this strength, the

rate of HT exhibits upward trend (Fig. 29). The rate of HT fol-
lows the same trend from the surface of UD with the presence
of interfacial nanolayer (Fig. 30). Influence of Br on HTR

against / from LD and UD is visualized in Figs. 31 and 32.
From Fig. 31 it is obvious that in the marginal viscous heating
with specific conduction through particles, HTR from the LD

Nur 0ð Þf g upsurges for 0 6 / 6 0:06. However, for nps beyond
/ ¼ 0:06, reverse nature is the result (Fig. 32). In addition,
Table 3 conveys that rise in Nr; Pr;Re;Br and E1 uplifts the

HTR and that of hr and M belittles HTR from the surface
of LD and UD Nur 1ð Þf g.

5.7. Entropy generation number and Bejan number
characteristics

In this section the role of different parameters on EGN and
Bejan number characteristics in the flow of CNT-water nfs in

the presence of interfacial nanolayer has been explored. The
EG due to LD augments rhythmically with increase in
b1 b1 ¼ 0:1; 0:3; 0:5; 0:8ð Þ for different values of inertia coeffi-

cient Frð Þ as is envisioned in Fig. 33. Exactly, opposite charac-
teristic (descending trend) of NG 0ð Þf g is obtained due to rise in
a a ¼ 0:1; 0:2; 0:5; 0:8ð Þ for different Re (Fig. 34). The variation
of Bejan number from the surface of LD, Be 0ð Þf g for different
estimations of b1 b1 ¼ 0:1; 0:3; 0:5; 0:8ð Þ against Fr is shown in
Fig. 35. Here, Be 0ð Þf g gets augmented due to rising b1 for dif-
ferent Fr. The Bejan number due to LD i.e., Be 0ð Þf g declines

with rise in a a ¼ 0:1; 0:2; 0:5; 0:8ð Þ for different Re(Fig. 36).
Table 4 ensures us that raise in a causes the EGN NG 0ð Þf g
and Bejan number Be 0ð Þf g to belittle near LD and uplift

EGN NG 1ð Þf g and Bejan number Be 1ð Þf g near the UD.
Exactly the opposite behavior is the outcome due to the impact
of rise in Re. Rise in Nr and Br upgrades NG 0ð Þf g due to LD.

However, rise in Nr and Br develop opposite trend for Be 0ð Þf g
on the surface of LD. Further, hike in Nr and Br enhances
NG 1ð Þf g on the surface of the UD while that of Nr and Br
show the behavior opposite to each other on the surface of

UD. In addition, rise in b1 and b2 contributes to growth of
NG 0ð Þf g and Be 0ð Þf g on LD and NG 1ð Þf g and Be 1ð Þf g on
UD. Hike in / gets diminution in NG 0ð Þf g and NG 1ð Þf g on

the surface of LD and UD respectively. An exactly opposite
trend is visualized for Be 0ð Þf g and Be 1ð Þf g on the surface of
LD and UD respectively.

6. Conclusions

In the present investigation the influence of interfacial nano-

layer and shape effects using revised Hamilton-Crosser model
in the Darcy Forchheimer electromagnetic flow of SWCNT/
MWCNT-water nanofluid subject to nonlinear thermal radia-

tion and chemical reactions has been analyzed. The principal
outcomes of the above said analysis include:



Table 2 Skin friction at the surface of LD Cf 0ð Þ� �
and UD Cf 1ð Þ� �

for different parameters with hr ¼ 10:

Re Gr Fr M A1 A2 Cf 0ð Þ Cf 1ð Þ
5 0.5 0.5 2 0.5 0.1 4.21964858 1.16812069

10 5.58825749 1.73591761

20 7.60156551 1.98865035

1 4.20311019 1.17474463

2 4.17021621 1.14961914

1 4.51597000 1.23689116

2 5.06899600 1.29534953

5 5.05615110 0.90651101

8 5.78856995 0.71803952

0.2 2.71434494 0.86792584

0.8 6.14616331 1.90121629

0.5 4.68222248 1.89513579

0.8 5.02535086 1.99399042

Fig. 29 Impact of Fr on Nur 0ð Þ against M.

Fig. 30 Impact of Fr on Nur 1ð Þ against M.

Fig. 31 Impact of Br on Nur 0ð Þ against /.

Fig. 32 Impact of Br on Nur 1ð Þ against /.
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Table 3 Local Nusselt number at the surface of LD Nur 0ð Þð Þ and UD Nur 1ð Þð Þ cylinders for different parameters with hr ¼ 1:2:

Nr Pr Re Br M E1 Nur 0ð Þ Nur 1ð Þ
0.2 7 5 0.5 2 0.5 2.74026638 1.92929589

0.5 2.76561794 1.94676197

0.8 2.77215871 1.95127512

6 2.76753433 1.95730672

8 2.71372152 1.90202813

6 7.45133693 6.61919303

7 12.09570393 11.22017364

0.8 4.37173116 3.06600429

1 5.45412909 3.79312514

4 10.78439245 9.92174800

6 18.68895625 17.77800766

0.6 16.75077961 16.16946541

0.7 32.97418283 32.67730168

Fig. 33 Impact of b1 on NG 0ð Þ against Fr.

Fig. 34 Impact of a on NG 0ð Þ against Re.

Fig. 35 Impact of b1 on Be 0ð Þ against Fr.

Fig. 36 Impact of a on Be 0ð Þ against Re.
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Table 4 Entropy generation and Bejan numbers at the surface of LD NG 0ð Þ;Be 0ð Þð Þ and UD NG 1ð Þ;Be 1ð Þð Þ for different parameters

with hr ¼ 10:

a Nr Br Re b1 b2 / NG 0ð Þ Be 0ð Þ NG 1ð Þ Be 1ð Þ
0.1 0.2 0.5 5 0.1 0.2 0.1 27.44017816 0.03650967 1.37576371 0.00486343

0.2 26.95834500 0.01928897 1.37419413 0.00372680

0.3 26.80617127 0.01372165 1.37446122 0.00392040

0.5 27.44318050 0.03660152 1.37583135 0.00488973

0.8 27.44650823 0.03670498 1.37584885 0.00489657

0.8 43.30352567 0.02314155 2.44085685 0.00395896

1 53.87911296 0.01860265 4.94021898 0.09079298

10 51.10809119 0.00720344 6.28114612 0.87922497

20 99.94461575 0.00743895 3.18114610 0.41979412

0.5 31.31696610 0.15578201 1.40464281 0.02871033

0.8 34.22455705 0.22750362 1.42079726 0.03975388

0.5 27.47014656 0.03756079 1.38331247 0.01373328

0.8 27.50011495 0.03860961 1.38352140 0.01388222

0.2 20.40892816 0.04908792 0.68317391 0.02750176

0.3 18.06517816 0.05545652 0.44986403 0.04176481
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� Greater strength of external magnetic field controls the
axial, radial and tangential motion of CNT-water
nanofluid.

� With gradual increase of stretching of LD (rise in A1), f fð Þ
and f 0 fð Þ augment at LD and peters out at UD. However,
its influence belittles g fð Þ for both LD and UD. Further,
gradual stretching of UD (rise in A2), yields diminution

of f fð Þ and f 0 fð Þ at LD while showing up gradation in
UD.

� Enhanced shape factor of nanoparticles (hike in c) leads to
accelerated flow along axial and radial directions while

yields decelerated flow along tangential direction.
� Incremented interfacial layer parameter (increase in t

b) aug-

ments HTR from the surfaces of LD and UD.
� Rise in / gives rise to intensify h gð Þ and the related TBL.
� Hiked K2 raised x fð Þ and the related BLT.

� Incremented Fr; A1;A2 resulted in upgraded Cf 0ð Þ� �
and

Cf 1ð Þ� �
for CNT-water nf.

� Mounted Nr;Pr;Re;Br and E1 upgraded HTR while that of
hr and M slows down HTRfrom the surfaces of LD and

UD.
� Rise in Nr and Br uplifts NG 0ð Þf g and declines NG 1ð Þf g.
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[29] I. Pažanin, M. Radulović, Effects of the viscous dissipation on

the Darcy-Brinkman flow: rigorous derivation of the higher-

order asymptotic model, Appl. Math. Comput. 386 (125479)

(2020) 1–12.

[30] R. Hamilton, O. Crosser, Thermal conductivity of

heterogeneous two-component systems, Ind. Eng. Chem.

Fundam. 1 (3) (1962) 187–191.

[31] Liu Yang, Xu. Xinyi, A renovated Hamilton-Crosser model for

the effective thermal conductivity of CNTs nanofluids, Int.

Commun. Heat Mass Transfer 81 (2017) 42–50.

[32] L.Th. Benos, E.G. Karvelas, I.E. Sarris, A theoretical model for

the magnetohydrodynamic natural convection of a CNT-water

nanofluid incorporating a renovated Hamilton-Crosser model,

Int. J. Heat Mass Transf. 135 (June 2019) 548–560.

[33] N.S. Akbar, A.W. Butt, Ferromagnetic effects for peristaltic

flow of Cu–water nanofluid for different shapes of nanosize

particles, Appl. Nanosci. 6 (2016) 379–385.

[34] M.K. Saranprabhu, K.S. Rajan, Enhancement of solid-phase

thermal conductivity and specific heat of solar salt through

addition of MWCNT: new observations and implications for

thermal energy storage, Appl. Nanosci. 9 (2019) 2117–2126.

[35] W. Yu, U.S. Choi, The role of interfacial layers in the enhanced

thermal conductivity of nanofluids: a renovated Maxwell model,

Nanoparticle Res. 5 (2003) 167–171.

[36] M. Mustafa, J. Ahmad Khan, Numerical study of partial slip

effects on MHD flow of nanofluids near a convectively heated

stretchable rotating disk, J. Mol. Liq. doi: 10.1016/

j.molliq.2017.03.087.

[37] T. Hayat, Sohail A. Khan, M. Ijaz Khan, A. Alsaedi, Theoretical

investigation of Ree-Eyring nanofluid flow with entropy

optimization and Arrhenius activation energy between two

rotating disks, Comp.Meth. Program Biomed. 177 (2019) 57–68.

http://refhub.elsevier.com/S1110-0168(21)00081-8/h0065
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0065
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0065
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0065
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0075
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0075
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0075
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0075
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0080
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0080
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0080
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0080
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0090
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0090
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0090
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0090
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0090
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0100
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0100
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0100
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0100
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0100
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0105
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0105
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0105
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0105
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0105
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0115
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0115
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0115
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0115
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0115
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0120
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0120
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0120
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0120
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0135
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0135
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0135
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0140
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0140
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0140
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0145
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0145
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0145
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0145
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0150
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0150
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0150
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0155
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0155
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0155
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0160
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0160
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0160
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0160
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0165
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0165
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0165
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0170
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0170
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0170
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0170
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0175
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0175
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0175
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0185
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0185
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0185
http://refhub.elsevier.com/S1110-0168(21)00081-8/h0185

	Interfacial layer and shape effects of modified Hamilton’s Crosser model in entropy optimized Darcy-Forchheimer flow
	1 Introduction
	2 Physical model
	3 Entropy generation analysis
	4 Numerical solution
	5 Results and discussion
	5.1 Axial velocity characteristics
	5.2 Radial velocity characteristics
	5.3 Tangential velocity characteristics
	5.4 Thermal characteristics
	5.5 Nanoparticles concentration characteristics
	5.6 Surface viscous drag and HTR characteristics
	5.7 Entropy generation number and Bejan number characteristics

	6 Conclusions
	Declaration of Competing Interest
	References


