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A B S T R A C T   

This research article explores the effect of entropy generation through a non-linear radiative flow of viscous fluid 
of hybrid nanoparticles over a stretchable rotating disk. Mixed convection and slip conditions i-e velocities and 
thermal are examined. The examination is accomplished in aluminum oxide (Al2O3)-water and copper (Cu)-water 
nanofluids. Similarity transformations are utilized to reduce the governing problem into the nonlinear ordinary 
differential equations. Flow in the permeable medium is analyzed by assuming the Darcy-Forchheimer model. 
The impact of various parameters consisting of mixed convection parameter, porosity parameter, velocities as 
well as thermal slips parameters, stretching parameter, non-linear radiation parameter, and Reynolds number on 
radial velocity profile, tangential velocity profile and temperature profile are studied. Also, entropy generation 
and heat transfer rates have been analyzed in view of different parameters in the current study. The mathe-
matical formulation is numerically solved by the bvp4c techniques   

1. Introduction 

Carrying of heat energy has significant applications in industrial 
engineering. The efficacy of a thermal cooling procedure proportional to 
the amount of heat transfer rate. An increment of cooling or heating 
processes affects the many factors such as storage of energy, Colorado 
cooler, etc. Consequently, an increment in heat transfer becomes a major 
concern about thermal processes. There are many techniques applied for 
heat transportation. These techniques consisting of cooling fins, jet 
impingement, vibrations, etc. In the recent study of heat transfer rate the 
application of nano-sized materials in a base fluid which is compara-
tively better then, the above-revealed techniques have been used. 
Numerous experimental and theoretical research work has been pub-
lished by examined the thermophysical significance of nanofluids. The 
heat transfer rate depends upon the thermal conductivity of nanofluids. 
The thermal conductivity of nanofluids is a function of volume fraction 
of nanoparticles and the thermal conductivity of the base fluid (water) 
and solid nano-particles. Maxwell [1] is the first one who gave the model 
in the context of thermal conductivity. The heat transfer mechanism for 
nanofluids deliberated through the thermal conductivity was given by 
Xue [2]. Newly, researchers introduce different kinds of nano-particles 
called hybrid nano-particles in their research. A hybrid nanofluid is 
made of two different classes of nanoparticles dissolving in a base fluid. 
Wang et al. [3] investigate the thermal conductivity of copper oxide 

(CuO) and aluminum oxide (Al2O3) based hybrid nanofluids is greater 
than the nanofluids. 

Fluid flow subject to the rotating disk is a classical problem, which 
has many applications in various technical procedures such as lubrica-
tion, disk drives, preparation of crystal, etc. Kármán [4] was solved this 
problem by using the transformations known as Von Kármán trans-
formation in 1921. Cochran [5] modified the same problem for better 
results. Benston [6] gave the solution for the case of the time-dependent 
problem. 

Applications of mixed convective flow occur in various fields of en-
gineering and technology e.g. solar thermal electricity, cooling pro-
cesses of nuclear reactors, flow with different temperatures, etc. The 
buoyancy force is the more significant characteristic of mixed convec-
tion by changeable temperature and density. Mixed convective flow 
characterized into free convective or forced convective flow by bouncy 

parameter 
(

Gr
Re2

)

whereas (Gr) (represent the free convection) and (Re) 

(represent the forced convection). Natural convection is the prevalent 
type of heat transportation when buoyancy→0 and for the forced con-
vection when buoyancy→∞ stated in Refs. [7–15]. 

Thermal radiation denotes the transfer of thermal energy into elec-
tromagnetic energy. The properties of thermal radiations are consist of 
surface, its absorptance, emissive power, and temperature which 
described by Kirchhoff’s law. Transportation of heat due to the effect of 
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thermal radiation has various applications in jets, gas turbines, space 
crafts, satellites, rockets etc. Number of researchers have been explored 
the impact of thermal radiation by assuming the linear Rosseland 
Approximation, which is applicable on only small temperature differ-
ence within the flow. Currently, many researchers discuss the impact of 
nonlinear radiative heat transfer considering the nonlinear Rosseland 
Approximation which is applicable for both ambient and low tempera-
tures. Farooq et al. [16] investigated the effects of nonlinear radiation on 
the viscoelastic nanofluids. Few research papers on nonlinear radiations 
are obtainable in the Refs. [17–25] 

Currently, to improve the performance of fluids in energy con-
sumption, consider some effective systems to decrease the amount of 
insufficient energy, which becomes the cause of the irreversibility of the 
fluid system. The role of entropy optimization is considered in various 
thermal mechanisms, such as refrigerators, power plants, combustion 
engines, etc. Bejan [26,27] initially gave the idea of entropy optimiza-
tion. Arikoglu et al. [28] investigate the entropy generation due to a 
rotating disk with slip effects. Further research on entropy analysis 
mentioned in Refs. [29–37]. 

Our attention on the current study to analyze the entropy optimi-
zation in flow of Al2O3-water and Cu-water based hybrid nanofluids over 
a stretchable rotating disk subject to nonlinear thermal radiation and 
slip conditions. Also obtain graphical results for skin friction coefficient 
and Nusselt number. The entropy generation rate depends upon the 
following irreversibilities (i) Thermal irreversibility, (ii) porosity irre-
versibility and (iii) fluid friction irreversibility. Governing nonlinear 
equations are solved by bvp4c method. 

2. Problem description 

Contemplate steady non-linear radiative, mixed convective flow of 
hybrid-nanofluids over premeable rotating disk along with angular ve-
locity Ω. on z-axis. The disk is stretching circumferentially with the rate 
a1. Let us consider a non-rotary cylindrical coordinates (̃r,φ, z̃) in such a 
way that disk is placed at z̃ = 0 and hybrid-nanofluid reserved at z̃ > 0 

(see Fig. 1). Where (ũ, ṽ, w̃) denote the components of velocities along 
(̃r,φ, z̃) Furthermore flow is analyzed under the consideration of velocity 
and thermal slip conditions on boundaries. T̃w̃ is the temperature of 

rotating disk at the surface while T̃∞ is the ambient temperature away 
from the surface of the disk. According to the above suppositions, the 
mathematical form of the current flow problem is: 

∂ ũ
∂ r̃

+
ũ
r̃
+

∂w̃
∂ z̃

= 0, (1)  

ũ
∂ ũ
∂ r̃

−
ṽ2

r̃
+ w̃

∂ ũ
∂ z̃

= νhnf

(
∂2ũ
∂ z̃2 +

1
r̃

∂ ũ
r̃

−
ũ
r̃2

)

−
νhnf

K* ũ − Fu2 +
g(ρβ̃)hnf

ρhnf

(
T̃

− T̃∞

)

= 0,
(2)  

ũ
∂ ṽ
∂ r̃

+
ũṽ
r̃

+ w̃
∂ ṽ
∂ z̃

= νhnf

(
∂2ṽ
∂r̃2 +

1
r̃

∂ ṽ
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+
∂2ṽ
∂ z̃2 −

ṽ
r̃2

)

−
νhnf

K* ṽ − Fv2, (3)  

ũ
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+ w̃
∂ w̃
∂ z̃

= νhnf

(
∂2w̃
∂ r̃2 +

1
r̃

∂w̃
r̃

+
∂2w̃
∂ z̃2 −

ṽ
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1
r̃

∂T̃
r̃
+

∂2w̃
∂ z̃2

)

−
1

(
ρcp
)

hnf

∂q̃r

∂̃z
+

μhnf(
ρcp
)

hnf

[(
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,

(5)  

with 

ũ = a1 r̃ + L1
∂ũ
∂̃z
, ṽ = rΩ + L2

∂ṽ
∂̃z
, w̃ = 0, T̃ w̃ = T̃ + L3

∂T̃
∂̃z
, at z̃ = 0,

ũ→0, ṽ→0, T̃→T̃∞, as z̃→∞,

⎫
⎪⎪⎬

⎪⎪⎭

(6)  

where r̃,φ, z̃ denotes cylindrical coordinates, ũ, ṽ, w̃ velocities compo-
nents, νhnf kinematic viscosity, K* permeability of porous medium, F =

Cb

K*1
2 

non-uniform inertia coefficient of porous medium, Cb drag coeffi-

cient, β̃ thermal expansion co-efficient, g gravity, ρhnf density, T̃ tem-
perature, a1 stretching rate, T̃∞ ambient temperature, αhnf thermal 
diffusivity, q̃r radiative heat flux, (cp)hnf specific heat capacity, μhnf dy-
namic viscosity, L1,L2 velocities slips along ̃u, ṽ directions respectively, Ω 
angular frequency, T̃w̃ wall temperature and L3 thermal slip. Note that 
hnf stands for the hybrid nanofluid. 

Rosseland [25] was given that radiative heat flux expression is 
defined as 

q̃r = −
4σ̃
3k̃

∂T̃
4

∂̃z
= −

16σ̃T3

3k̃
∂T̃
∂̃z
, (7)  

where ̃k and ̃σ indicate respectively the mean absorption coefficient and 
Stefan-Boltzmann constant. By the use of Rosseland formula it can be 
linearized about ambient temperature. This means that the equation (5) 

Fig. 1. Schematic flow diagram.  

ũ
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(
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(
1
r̃
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∂ z̃

)2
]⎫
⎬

⎭
, (8)   
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can be expressed as   

Thermo-physical attributes of hybrid-nanofluids 

ρnf = (1 − ϕ)bf +ϕρs, (9)  

ρhnf = ϕAlρAl +ϕCuρCu +(1 − ϕAl − ϕCu)ρbf , (10)  

(
ρcp
)

hnf = ϕAlρAl +ϕCuρCu +(1 − ϕAl − ϕCu)
(
ρcp
)

bf +ϕAl
(
ρcp
)

Al +ϕCu
(
ρcp
)

Cu,

(11)  

knf =

(
ks + 2bf

)
− 2ϕ

(
kbf − ks

)

(
ks + 2bf

)
+ 2ϕ

(
kbf − ks

)kbf , (12)  

khnf

kbf
=

ϕAlρAl+ϕCuρCu
ϕAl+ϕCu

+ 2kbf + 2(ϕAlkAl + ϕCukCu) − 2(ϕAl + ϕCu)kbf

ϕAlρAl+ϕCuρCu
ϕAl+ϕCu

+ 2kbf − (ϕAlkAl + ϕCukCu) − (ϕAl + ϕCu)kbf
, (13)  

μnf =
μbf

(1 − ϕ)2.5, (14)  

νhnf =
μhnf

ρhnf
, (15)  

μhnf =
μbf

(1 − ϕAl − ϕCu)
2.5, (16)  

αhnf =
khnf(

ρcp
)

hnf

. (17) 

Note that (ρhnf) highlights the density, (ρcp)hnf specific heat capacity, 
(khnf) thermal conductivity, (μhnf) dynamic viscosity, (νhnf) kinematic 
viscosity and (αhnf) is the thermal diffusivity. 

Letting 

η =

(
2Ω
νf

)
1
2 z̃, ũ = γΩf ’(η), ṽ = γΩg(η), w̃ = −

(
2Ωνf

)1
2f (η), θ(η)

=
T̃ − T̃∞

T̃ω − T̃∞
. (18) 

By the use of T̃ = T̃∞
(
1+θ

(
θw̃ − 1

) )
, whereas θw̃

⎛

⎝ =
T̃

w̃

T̃∞

⎞

⎠ is the 

temperature ratio parameter with the property 
(

T̃∞ < T̃w̃

)
. 

Making the use of Eq. (18), the Eq. (1) is automatically fulfilled and 
the remaining equations are 

B1(2f
′′′

− λf ′

) + 2ff
′

− (1+Fr)f ’2 + g2 + λ*B2θ = 0, (19)  
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′

= 0,
(21)  

where B1, B2, B3 are addressed as 
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1
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2.5
(
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ρbf
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with 

f (η)=0, f ′

(η)− βf ′′(η)=A1, g(η)− γg
′
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′
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f ′
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}

(25)  

where prime highlights derivative with respect to η, λ*

⎛
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(g̃β)bf

(
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)

rΩ2

⎞

⎟
⎠ the mixed convective variable, Fr

(
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)
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(
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νbf
K*Ω

)
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(
= a1

Ω
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(
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2
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3

σ̃T̃∞

k̃kbf

⎞

⎠ the radiation parameter, β
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=
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νbf
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(
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αbf
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(
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b

νbf
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)

the tangential velocity slip parameter, γ*

(
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(
b

νbf
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the thermal slip parameter denotes the and Br = Pr . Ec denotes the 
Brinkman number. 

3. Entropy generation 

In the late 19th century the concept of entropy generation was 
introduced by Ludwig Boltzmann. Mathematical form of entropy is 
given as 

NG =
kbf

T̃∞

(
khnf

kbf
+

16
3

σ̃T̃
3

k̃kbf

)(
∂T̃
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+ 2
(
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+

(
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∂
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⎥
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and the dimensionless form is 

NG = 2
(

khnf

Kbf
+ Rd((θω − 1) + 1 )3

)

α1θ’2 +
λBr

(1 − ϕAl − ϕCu)
2.5

(
f ’2 + g2)

+
Br
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2.5Re

(
12f ’2 + Re

(
g’2 + f ’’2),

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(27)  

where Br

(

=
μbf Ω2̃r

2

Kbf ΔT̃

)

signifies the Brinkman number. 

4. Engineering quantities 

4.1. Skin friction coefficient 

The mathematical form of local skin frictions co-efficient is 

Cf =
τω

ρhnf (rΩ)
2, (28)  
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where τω is the total shear stress is defined as 

τω =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
τωr + τωθ

√
, (29)  

where (τωr,τωθ) are the shear stresses and mathematically deliberated as 

τωr =

(

μhnf
∂ ũ
∂ z̃

)

z̃=0
,

τωθ =

(

μhnf
∂ ṽ
∂ z̃

)

z̃=0
,

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(30) 

Non-dimensional form of skin friction co-efficient is given as 

Cf Re1/2 =
̅̅̅
2

√
B1
(
f ′′(0)2

+ g′

(0)2 )1/2
. (31)  

4.2. Heat transfer rate 

Mathematically, we have 

Nu =
r̃qω

khnf

(

T̃ w̃ − T̃∞

), (32)  

where qw̃ is defined as 

qω = −

(

khnf
∂T̃
∂ z̃

)

z̃=0

+
(
q r̃

)

z̃=0, (33) 

Finally, we have 

NuRe− 1/2 = −
̅̅̅
2

√
((

khnf

kbf

)

+ Rd
(
1 + θ(0)

(
θ w̃ − 1

) )3
)

θ’(0) (34)  

5. Graphical analysis 

The nonlinear thermal radiative flow of hybrid nanofluid on a pre-
amble rotating disk are investigated through slip conditions on bound-
aries. Entropy generation and heat transfer effects are discussed. The 
impacts of various dynamic parameters, consisting mixed convection 

Table 1 
Thermo-physical attributes of Aluminum Oxide, Copper and Water.  

Physical properties Nanoparticles  Pure water  

Aluminum oxide (Al2O3) Copper (Cu)  

ρ(kg/m3) 3970 8933 997.1 
k(w̃/mK) 40 401 0.613 

cp(j/kgK 765 385 4179  

Fig. 2. f′(η) versus λ.  

Fig. 3. f′(η) versus λ*.  

Fig. 4. f′(η) versus Fr.  

Fig. 5. g(η) versus λ.  
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parameter (λ*), porosity parameter (λ), velocities as well as thermal slips 
parameters (β, γ, γ*), stretching parameter (A1), Reynolds number (Re), 
Brinkman number (Br), and radiation parameter (Rd), through the en-
tropy generation, Nusselt number, radial and tangential velocity fields 
and temperature profiles. We have discussed the thermo-physical 

properties of hybrid- nanofluids in Table 1. Also, we assumed a 
distinct volume fraction ϕCu = 0.05 and ϕAl = 0.05 of Copper and silver 
based nanoparticles respectively. Fig. 2 portrays the impact of porosity 

Fig. 6. g(η) versus γ.  

Fig. 7. θ(η) versus Rd.  

Fig. 8. θ(η) versus γ*.  

Fig. 9. NG(η) versus Rd.  

Fig. 10. NG(η) versus Br.  

Fig. 11. NG(η) versus Re .  
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parameter on velocity profile (f′(η)). One can detect that rising values of 
the porosity parameter tend to a lowering the magnitude of radial ve-
locity field due to the presence of porous medium. Fig. 3 displays that 
enhancement in mixed convection parameter tends to decrement in 
velocity field. Fig. 4 illustrate the effect of the inertia coefficient 
parameter on velocity profiles (f′(η)). It is observed from this figure is 
that the decrement in the velocity profiles (f′(η)) for enhancing the Fr. 
The physical explanation, behind this reason, is that an enhancement in 
the Fr tends to diminishes the fluid velocity because of increasing the 
quadratic drag force. Variations of porosity parameter (λ), on tangential 
velocity profile g(η) is shown in Fig. 5. Cleary, the tangential velocity 
field is lowering function of porosity parameter. The physical explana-
tion, behind this reason is that enhancing the value of permeability of 
porous medium K* which leads to decreases the friction of porous me-
dium, so the tangential velocity g(η) of fluid is diminishes. Fig. 6 portrays 
the impact of the tangential velocity slip parameter (γ) via the velocity 
profile g(η). Observing that, by ascending the velocity slip parameter 
tends to enhancing the tangential velocity profile. 

In Fig. 7 plotted the impact of temperature field θ(η) for distinct 
values of radiation parameter (Rd). Observing, the temperature profile 
increases for increasing the radiation parameter. Physically the thermal 
radiations are proportional to enhance the conversion of internal energy 
to the thermal energy of hybrid-nanofluids. Therefore greater the 

thermal energy tends to increases the temperature field. Fig. 8 shows the 
temperature profile diminishes against enhancing the thermal slip 
parameter. Physically, a small quantity of heat transfer rate to the 
nanofluids in the existence of thermal slip which leads to temperature 
field decay. 

6. Analysis of entropy 

In this segment, the behavior of various parameters on the entropy 
generation rate are analyzed through graphs. Therefore, Figs. 9-11 are 
portrayed the effects of sundry parameters like radiation parameters 
(Rd), Reynolds number (Re) and Brinkman number (Br) on entropy 
generation rate (NG). Fig. 9 displays the impact of the radiation 
parameter (Rd) on entropy generation rate (NG). It is noticeably that 
enhancing the radiation parameter leads to increasing entropy genera-
tion rate. Physically enhancing the radiation parameter tends to incre-
ment in the conversion of internal energy to the thermal energy of the 
system. Therefore higher the thermal energy responsible for increasing 
the entropy generation rate. Fig. 10 displayed that rises in Brinkman 
number (Br) leads to enhance the entropy generation. Fig. 11 highlight 
the impact of Re on entropy generation rate. From this Fig., observing 
that (NG) monotonically rises against greater values of (Re). Physically, 
viscosity diminishes for greater values of (Re).. 

Fig. 12. Skin friction versus Br and β.  

Fig. 13. Skin friction versus Re and A1.  

Fig. 14. Nusselt number versus Re and γ*.  

Fig. 15. Nusselt number versus Br and Rd.  
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7. Engineering quantities 

7.1. Skin friction coefficient 

The change in the behavior of the skin friction coefficient for 
appropriate flow parameters such as Brinkman number (Br), velocity 
slip parameter (β), Reynolds number (Re), and stretching parameter (A1) 
is displayed in Fig. 12 and Fig. 13. The Fig. 12 shows the impact of radial 
velocity slip parameter (β) and Brinkman number on (CfRe1/2). It has 
been observed that skin friction coefficient is monotonically rising 
function of Brinkman number, while decreasing function of radial ve-
locity slip parameter. Fig. 13 portrayed the impact of skin friction co-
efficient for the variations of stretching parameter (A1) versus Reynolds 
number (Re). It has been observed that enhancing the values of 
stretching parameter and Reynolds number lead to increases the coef-
ficient of skin friction (CfRe1/2).. 

7.2. Nusselt number 

In this subsection, we are examined the effects of sundry parameters 
such as Reynolds number (Re), thermal slip parameter (γ*), radiation 
parameter (Rd) and Brinkman number (Br) via Nusselt number (NuRe− 1/ 

2). Fig. 14 shows the impact of thermal slip parameter (γ*) and (Re) Re 
against Nusselt number. It has been noticed that Nusselt number di-
minishes for greater values of thermal slip parameter while decreases 
with an enhancement in (Br). Fig. 15 displays the impact of Nusselt 
number for radiation parameter against Brinkman number. It has been 
viewed that the Nusselt number (NuRe− 1/2) decreasing for both the ra-
diation parameter as well as Brinkman number (Br).. 

8. Concluding remarks 

The final remarks are given as:  

• Magnitude of radial velocity f′(η) decay versus enhancing the 
porosity parameter while increasing for mixed convection parameter 
and inertia coefficient parameter (Fr).  

• Magnitude of tangential velocity profile g(η) reduces against both 
porosity parameter (λ) and tangential velocity slip parameter (γ).  

• An enhancement in thermal radiation parameter (Rd) leads to rises 
the temperature field θ(η) while opposite behavior has been seen for 
temperature slip parameter (γ*).  

• Entropy generation rate is rising function of radiation parameter (Rd) 
and Reynolds number (Re) and reverse trend is observed for Brink-
man number (Br). 
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