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1 Introduction and preliminaries

Fixed point theory plays a vital role in the field of functional analysis. Banach [1] proved
a very useful outcome for contraction maps, called Banach contraction principle. Thanks
to this achievement, many authors proved various interesting extensions of the principle
(see [1-45]).

Hussain et al. [20] conceived the new idea of dislocated b-metric spaces and obtained
fixed points in common for weak contractive mappings with application on integral in-
clusions. Afterwards, Chen et al. [15] discussed fixed point outcomes for generalized F-
contraction in b-metric like spaces. After this Rasham et al. [27] obtained some multival-
ued fixed point achievements for pairs of F-contractive maps. Mehmood et al. [24] proved
some upshot for a collection of multivalued F-contractive maps and applied this result to
a system of nonlinear integral equations. We give the following definitions that we will use

from now on.

Definition 1.1 ([20]) Let A be a nonempty set, and letd;, : A x A — [0, +00) be a b-metric
like or dislocated b-metric (or simply dj,-metric), that is, a function for which thereis b > 1
such that, for f, 1, w € A, the following assumptions are fulfilled:

(i) Ifdy(f,h) =0, then f =h;

(i) dp(f,h) = dp(h,f);
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(iii) dy(f, h) < bldp(f, w) + dp(w, ).

We call (A,d)) a b-metric like space or, in short, d.b — m. space.
Note that, if x = y, then dj(x,y) may not be 0. This is the dislocation that differentiates
by the usual metric. An example of a dislocated b-metric space is in [20].

Definition 1.2 ([20]) Let (A,d}) be a d.b — m. space.
(i) A sequence {f,} in (4, d)) is said to be Cauchy sequence if, for any ¢ > 0, we find
no € N so that, for n,m > ny, then dp,(f,,, f,) < €, that is, limy, ;- 100 dp(fi, i) = 0.
(ii) A sequence {f,} d.b — m converges (briefly dj,-converges) to f if
limy,—, 100 dp(f1,f) = 0. Such f is said to be dj-limit of {f,}.
(iii) (A,dp) is said a complete d.b — m. space if any Cauchy sequence in A converges to a
point f € A satisfying d,(f,f) = 0.

Definition 1.3 ([29]) Let C be a nonempty subset of a d.b — m. space A, and let f € A. A
point gy € C is said to be the point of best approximation for f in C if

dp(f,C) = dp(f,g0), where d,(f,C) =gi1€1£db(f,g).

We will say that C is a proximinal set if for any f in A there exists a point of best approxi-
mation in C.

Let W, where b > 1, be the collection of all nondecreasing functions ¥, : [0, +00) —
[0, +00) for which 3% BXyrf(2) < +00 and by, (2) < ¢, where ¥} is the kth iterated of v,
Also b1y *1(8) = b"byy (W}.(0) < b (0).

Let P(A) be the collection of all closed proximinal subsets of A.

Definition 1.4 ([35]) The function Hy, : P(A) x P(A) — R*, defined by

Hyg, (D, E) = max { supdy(n, E), sup dp(D, m) ] ,

neD meE

is known as Hausdorff b-metric like on P(A).

Definition 1.5 ([30]) Let M,N : A — P(A) be two closed-valued multifunctions and g :
A x A — [0,+00) be a positive real function. We say that the pair (M, N) is B,-admissible
if, forall f,g € A,

B(f,2) = 1= B.(Mf,Ng)>1, and B.(Nf,Mg)=>1,

where B, (Nf, Mg) = inf{B(a,c) : a € Nf,c € Mg}. When M coincides with N, we regain the
definition of «,-admissible mapping donated in [9].

Definition 1.6 ([29]) Let (A,d)) be a d.b — m. space. Let M : A — P(A) be a multival-
ued mapping and @ : A x A — [0, +00). Let B C A. Then we say that the M is semi o,-
dominated on B whenever o, (r, Mr) > 1 for all r € B, where o, (r, Mr) = inf{a(r,[) : [ € Mr}.
If B = A, it is said that the M is a,-dominated. If M : A — A is a self-mapping, then M is
semi a-dominated on B, whenever «(r, Mr) > 1 for each r € B.
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Definition 1.7 ([39]) Let (A,d) be a metric space. A mapping L : A — A is called F-
contraction if we can take 7 > 0 in a such way that, for all j, k € A, d(Lj, Lk) > 0 implies

T + F(d(Lj, LK) < F(d(,k)),

where F: R, — R is a real function which fulfills the three conditions:
(F1) F is a real strictly increasing function;
(F2) For each sequence {a,}52, of positive real numbers, lim,,_, .o @, = 0 if and only if
lim,,, .0 F(a,) = —00;
(F3) We can find g € (0, 1) for which lim,_, o+ a?F(a) = 0.

Lemma 1.8 ([29]) Let (A,dy) be a d.b—m. space. Let (P(A), Hy,) be a dislocated Hausdorff
b-metric space on P(A). For G,B € P(A) and for all g € G, let hy € B such that dy(g,B) =
dy(g, hg). Then Hy, (G, B) > dy(g, hg) holds.

Example 1.9 ([29]) Let A = R. We define the mapping o : A x A — [0, +00) by

—_

ifr>gq
a(r,q) = ,
otherwise

N

Define M,N : A — P(A) by
Mr=[r-4,r-3] and Ng=[gq-2,9-1].

Suppose r = 1 and g = 0.5. Since 1 > 0.5, then «(1,0.5) > 1. Now, «,(M1,NO0.5) =
inf{a(a,c) : a € M1,c € NO.5} = % # 1, which means the couple (M,N) is not a,-
admissible. Also, a,(M1,M0.5) # 1 and «,(N1,N0.5) # 1. This signifies that M and N
are not a,-admissible. Now, o, (r, Mr) = inf{a(r,c) : c € Mr} > 1 for all r € A. Accordingly,
M is an a,-dominated mapping. Analogously, a.(q, Ng) = inf{a(g,b) : b € Ng} > 1. This

means that M and N are «,-dominated but the couple (M, N) is not «,-admissible.

2 Application to fuzzy maps

The notion of fuzzy set was introduced and its related information was discussed by Zadeh
in [41]. In fixed point theory, Weiss [40] and Butnariu [14] presented the content of fuzzy
maps and obtained many related results. Heilpern [17] established a fixed point theorem
for fuzzy maps that can be considered an analogue of Nadler’s multivalued result [25] in
metric spaces. Motivated by the Heilpern’s results, the fixed point theory for fuzzy con-
traction using the Hausdorftf metric spaces has become more mature in different directions
by various authors [32-34].

In the present paper we prove fixed point outcomes for F-contractions generalized in
two directions: one is a more extended class of semi-dominated fuzzy maps (in place of
admissible mappings) and the other is a wide class of mappings F in place of the mappings
F used by Wardowski [39]. The existence of a fuzzy common fixed point for two fuzzy
graphic contractions defined on a closed set is given.

Recently, Rasham et al. [29] achieved fixed point outcomes for two families of fuzzy A-
dominated maps defined on a closed ball in a complete d.b — m. space. Example and usages
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are given to illustrate the wideness of the results. In this paper, moreover, we achieve our
results in a more general setting of d.b — m. space.

Definition 2.1 ([32]) A fuzzy set B is a function from A in [0,1], F(A) is a family of all
fuzzy sets in A. Whenever B is a fuzzy set and f € A, the value B(f) is said to be the grade
of membership of f in B. The 5-level set of fuzzy set B is denoted by [B], and defined as
follows:

[B], = {f:B(f)zr/} where0<n <1,

(Blo = {f : B(f) > 0}.

Now we select, by the family F(A) of all fuzzy sets, a subfamily with stronger properties,
i.e., the subfamily of the approximate quantities, denoted by W(A) and defined by the
following.

Definition 2.2 ([17]) A fuzzy subset B of A is an approximate quantity if its n-level set is
a compact convex subset of A for each n € [0,1] and SUPfeq B(f)=1.

Definition 2.3 ([17]) Let A be a set, and let Y be a metric linear space. We call a fuzzy
map any map from A to W(Y).

Note that we can see a fuzzy mapping T : A — W(Y) as a fuzzy subset of A x Y, T':
A x Y — [0,1] in the sense that T(f,g) = T(f)(g).

Definition 2.4 ([32]) A point f € A is called a fuzzy fixed point of a fuzzy mapping T :
A — W(A) if there exists 0 < n < 1 such that f € [Tf],.

2.1 Main results

Let (A,dp) be a d.b — m. space, fy € A, and M,N : A — W(A) be fuzzy mappings on A.
Moreover, let n,v : A — [0,1] be two real-valued functions. Let f; € [Mf;l, ) be an ele-
ment such that dy,(fo, [Mfol,,)) = db(fo,1)- Let fo € [Nfily(s) be such that dy(fy, [Nfilu)) =
dp(f1./2). Let f3 € [Mf],() be such that dy(fo, [Mfly)) = db(fa.f3). Doing so, we ob-
tain a sequence {f,} in A which satisfies .1 € [Mfanl,(5,) and fonsa € [Nfouns1lo(s,, ) for
n=0,1,2,.... Besides dy(fon, [Mfanln,) = db(fonsfons1)s Ap(fonets INfonstlupnn)) = @b (fonets
fons2). We indicate the iterative sequence by {NM(f,,)}. We will say that {NM(f,)} is a se-
quence in A generated by f. For f,g € A and a > 0, we define Dy(f,g) as

ap(f,2);
db(fv[Mf]n(f))dbcgr[Ng]u(g))
a+dp(f.g) ’

ap(f, [IMf10(r)), db(g, [Nglu(e)

Dy(f,g) = max

Theorem 2.5 Let (A,dy) be a complete d.b — m. space. Let o : A x A — [0, +00). Let
r>0,/ € m, F be a strictly increasing function, and M,N : A — W(A) be two «,-
dominated fuzzy mappings on m. Hypothesize that with , € ¥y, and n(f),v(g) €
(0,1] the following holds:

T + F(Ha, (IMf1y), [INglu)) < F(¥(Ds(f2))) 2.1)
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Soreachf,g € By, (fo, r) N{NM(f,)}, a(f,g) = 1 and Hy, ([Mf ), [INglu(e) > 0. Furthermore,
suppose that

Doy (A (fo IMfoly)) } <7 (2.2)

m=0

for each n € NU {0} and b > 1. Then {NM(f,)} is a sequence in W, alfyfue1) =1
for all n € NU {0} and {NM(f,)} — f* € W. Again if inequality (2.1) holds for f*,
W is a closed set and either a(f,,f*) > 1 or a(f*,f,) > 1 for all n e NU {0}, then M
and N have a common fuzzy fixed point f* in m.

Proof Take the sequence {NM(f,)} generated by f;. Then, by (2.2),

dy(forf) < D 0" (ds (for IMfoli)) } < 7
m=0
This means that

fl S Bd[,(f()v l”).

For induction, suppose f,...,f;j € m for some j € N. Suppose first j = 2m + 1,
where m = 1,2,...,%. Since M,N : A — W/(A) are two o,-dominated fuzzy map-
pings on W, 50 (foms [Mfamln(s) = 1 and @ (fomets INfomatlup,en) = 1. As
@ (foms [Mfamln() = 1, it follows inf{oa(fon, b) : b € [Mfoulyp,n} = 1. Also foua €
[Mfrm]n(fam)s 80 &(fams fome1) = 1. Now, by means of Lemma 1.8, we obtain

T + F(dp(foms1, foms2))
< T+ F(Ha, (IMfaml (o) INfoms1 Lufaman)))
< F(Yu(Do(foms foms1)))
A (fam fom+1)s

A Fomofom+1)-Ap Fom+1 fom+2)
= F 1//[? max a+dp(famfams1) ’

db(me: 2m+1): db(onler 2m+2)

= F(wb(max{db(ﬁmr 2m+l)rdh(f2m+1:f2m+2)})~

If

max {db (Foms fams1)s db(f2m+1;f2m+2)} = dp(foms1,fam2),

then

T+ F(db(meH,meJrZ)) = F(I/fb(db(ﬁm+l:ﬁm+2)))~

By the strict increasing of F we obtain

db(me+l:f2m+2) < bwh (db (ﬁm+l¢ﬁm+2)) .

Page 5 of 18
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This contradicts the assumption by, (£) < t whenever ¢ > 0. So

max{db(me;meJrl); db(f2m+1;f2m+2)} = dp(fom fam+1)-

Hence, we obtain

db(f2m+1:f2m+2) < wb (db(ﬁm:fémﬂ))' (23)

As a*(me—l: [NfZWt—l]U(fz,n_l)) > 1 andem S [Nﬁm—l]u(sz_l)» SO a(me—l:me) > 1. NOW’ bY
using Lemma 1.8, we have

T+ F(db(ﬁm:meH))
< T+ F(Hay, (INfom11 ot 1) Mol nifonn)))
= F(wb (Db(ﬁmrﬁm—l)))

db(me: 2m—1);
Ap(fomfoam+1)-dpfom-1f2m)
SF wb max Wé’*dbEmemeinl) ’

db(me’ 2m+1): db(me—lf Zm)

= F(wb(max{db(ﬁm’flm—l)x db(me’ 2m+1)}))'

Since F is a strictly increasing function, we have
Ap(Foms fome1) < W (max{dy(Foms fom-1) dpfoms fams1) })-
If max{dy (fom, fom-1) Ab(fom: fom+1)} = Ap(fams fam1), then
Ap(fom: fams1) < Yo (db(fzm,ﬁm+1)) < b‘ﬁb(db(fzm;ﬁm+1))~
This contradicts the assumption by,(t) < t for positive ¢. Therefore, we get
Ap(Fams foms1) < Wb (db(Fom-1fom))- (2.4)
So, the nondecreasing of ¥, yields
Yo (dp(foms fome1)) < Yo (W (do(fom-15fom)))-
This last inequality, together with (2.3), gives
Ap(fome1s foms2) < Wi (A (Fam1,fom))-
Iterating this reasoning, we obtain

db(me+l:f2m+2) < vfngrl (db(fb: 1)) (25)
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Instead, if j = 2m, where m = 1,2,..., %, by using (2.4) and similar procedure as above, we
have

dp(foms fom1) < V" (db(fo, ) (2.6)

Now, by combining (2.5) and (2.6),

dp(f} fir1) < 1ﬁ£(db(fo,f1)) foralljeN. (2.7)

Now, making use of (2.4) and reasoning similarly to the odd case, we get

dp(fo.fir1) < bdp(fo fi) + Bdp(fi, o) + -+ + U dy(fy, 1)
< bdy(fo, i) + PPV (dp(fo, 1)) + - - - + B0 (db(fo, /1)

j
<Y vy (du(fo )} <7

m=0

This means f;,; € By, (fo,r). Hence f, belongs to By, (fo,r) for each n € N, therefore the
entire sequence {NM(f,)} is in By, (fo,7). As the mappings M, N are a,-dominated on

By, (fo, 7), this implies that o, (fon, [Mfonly(s,)) = 1 and o (fanet, INfans1lugsy,.r)) = 1. Thisim-
plies «(f,, fu+1) > 1. Also inequality (2.7) can be written as

db(fnr n+1) < 1//1:[ (db(ﬁ)’ 1)) forneN. (28)

Thanks to the hypothesis 3% bXy£(£) < +oo for all ¢, if we take a natural number p, we

have the convergence of the series Y ;% bk 1//2‘ (Wfil(db(ﬁ), 1))). Moreover, thanks to the
assumption by, (t) < t, because one has that, for any natural number #,

N (T (o)) < B (97 (d(fouf)-

Fix & > 0, from the convergence of the previous series, it follows that there is p(¢) € N, for
which

by (W2 (dp(fou /i) + D2 (W2 (oo ) + - <6

Take n,m € N with m > n > p(¢), then we have

Ap(fosfin) < bAp(fsfra1) + B>y (fr1s fur2)
o By (o fo)
< by (dp(forfi)) + B2 (do(fon )
+ o+ DY Ay (fou i)
< by (v (dslfou)))
+ 0P (007 (dolfou ) + -

< €.
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So we get that {NM(f,)} is a Cauchy sequence in (B, (fo,7),dp). From the completeness
of the d.b — m. space and from the closure of a closed ball, it follows that the sequence
converges to a point in the closed ball, i.e., there is f* € By, (fo, 7) such that {NM(f,)} — f*,
that is,

lim dy(f,.f*) =0. (2.9)

n—+00

Now,

(s [Mf*], )
< bdb(f*»fé;'HZ) + bdb(f2n+2’ [Mf*]’l(f*))

=< bdb (f*rf2n+2) + bHdh ([N_fZVI+1]U(an+1)) [Mf*]r](f*))

By assumption, a(f;,f*) > 1. For contradiction, suppose that dj(f*, [Mf*],+) > 0. Then
there is a sufficiently big k for which dj (f,, [Mf*],+)) > O for n greater than k. For such #,
one has

dy (", [Mf*]q(f*)) <bdy(f* fons)
- b (max{db(f*, Sorst oo [MF], ),

db(f*¢ [Mf*]n(f*))-db(fén+1’f2n+2)
a+ db(f*»fz;ﬁl)

db(on+1:f2n+2) }) .

’

For n — +o00, thanks to (2.9) we have dj(f*, [Mf*],+) < by (dp(f*, [Mf*1n¢+)) < dp(f™,
[Mf*],(+), which is a counter-sense. This means that our guess is not acceptable. Hence
dp(f*, [IMf*1y(r+)) = 0 or f* € [Mf*];(+). Analogously, from Lemma 1.8 and inequality (2.9),
following the same reasoning, one obtains that f* € [Nf*],(+). So M and N detain a fuzzy
fixed point in common f* in W. Now

di(f*.f) < bay(f", [Nf*]u(f*)) +bdy([N *]u(f*)’f*)’
This implies that dj(f*,f*) = 0. O

The next theorem is an immediate corollary of the previous main result in the case of
only a mapping defined on the entire space, not on a ball.

Theorem 2.6 Let (A,dy) be a complete d.b — m. space. Assume that M : A — W(A) is a
fuzzy mapping and F is a strictly increasing function. Suppose that, for suitable v, € Vyand
n(f), v(g) € (0,1], the following holds:

T+ F(Ha, (IMf 1y, (Mglu)) < F(Vo(Do(f9)))

forallf,g € {MM(f,)}. Then {MM(f,)} — f* € A and M has a fuzzy fixed point f* in A and
dp(f*,f*) =0.
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Definition 2.7 ([5]) Let A be a nonempty set, < be a partial order on A and K C A. We
say that g < P whenever, for all p € P, we have g < p. A mapping M : A — W(A) is called
prevalenton K if g < Mg foreachg e K CA.IfK = A, then M : A — W(A) is called totally

prevalent.

We have the following result for fuzzy prevalent mappings on By, (fo,7) in an ordered

complete d.b — m. space.

Theorem 2.8 Let (A, <X,d)) be an ordered complete d.b — m. space. Let r > 0, fy € By, (fo, 1),
F be a strictly increasing function, and M,N : A — W (A) be two fuzzy prevalent mappings
on By, (fo, 7). Suppose that, for some Y, € Wy, and n(f), v(g) € (0,1] the following holds:

T+ F(Ha, (IMf 1y, INglug)) < F(¥5(Ds(f,2))) (2.10)

Sforall f,g € By, (fo,r) N {NM(f)}, f < g and Hy, (IMf1,¢), [IMglu()) > 0. Furthermore, sup-
pose that

n

D b (o)} <7 (2.11)

m=0

for all natural numbers n = 0,1,2,... Then the sequence {NM(f,)} is in W and

{NM(f,)} — f* € W. Also, if (2.10) holds for f* and either f,, < f* or f* < f, for each
n € NU {0}, then the mappings M and N possess a common fuzzy fixed point f* in By, (fo,7)
and dp(f*,f*) = 0.

Proof Leta:A x A — [0,+00) be a mapping fixed by a(f,g) = 1 for all f € By, (fo,7), f < g,
and «(f,g) =0 and g € A. From the fact that M and N are fuzzy prevalent mappings on
W, it follows f < [Mf1,() and f < [Nf1ly() for all f € W. From this it follows
that f < s for all s € [Mf],) and f < d for all d € [Nf].(). So, a(f,s) = 1 for all s € [Mf],)
and «a(f,c) = 1 for all ¢ € [Nfl],(). Therefore inf{a(f,g) : g € [Mf1],)} = 1 and inf{e(f,g) :
g€ INflugy} = 1. So, au(f, [IMf1y) = 1, au(f, [INflug) = 1 for all f € By, (fo,7). So, M,N :
A — W(A) are the o,-dominated mappings on By, (fy, 7). Recall that inequality (2.10) can
be rewritten as

T+ F(Ha, (IMf 1y, INglu)) < F(V6(Ds(f.2)))

for f, g in W N {NM(f,)}, a(f,g) > 1. Also, inequality (2.11) holds. So, by The-
orem 2.5, we deduce that the sequence {NM(f,)} is in W and {NM(f,)} — f* €
m. Now, f,.,f* € Bg, (fo,r) and both f;, < f* and f* < f,, imply that either a(f,,f*) > 1
or a(f*,f,) = 1. So, the assumptions of Theorem 2.5 are fulfilled, and so M and N have a
common fuzzy fixed point f* in m and d(f*,f*) = 0. O

An immediate corollary of the above result in the case of a fuzzy prevalent mapping
defined on the entire space is the following.

Theorem 2.9 Let (A, <,dy) be an ordered complete d.b — m. space. Let M : A — W (A) be
a fuzzy prevalent mapping on A and F be a strictly increasing function. Assume that, for



Rasham et al. Advances in Difference Equations (2021) 2021:259 Page 10 of 18

some Y, € Wy, and n(f), v(g) € (0, 1], the following holds:

T + F(Hyg, (IMf 1y, (Mgluw)) < F(s(Ds(f>9))) 2.12)

foreachf,g € {MM(f,)} withf < g. Then {MM(f,)} — f* € A. Moreover, ifinequality (2.12)
holds for f* and either f, < f* or f* < f, for all n e NU {0}, then M has a fuzzy fixed point
f*and dp(f*,f*) = 0.

Example 2.10 Take A = [0, +00) and take dj, : A x A — A defined by
dp(l,r)=(+7r)* foralll,reA

with constant b = 2. Now, for f,h € A, y, B € [0,1], define M,N : A — W(A) by

ifo<t<Z,

iff<t<¥
lfz<t§f,
iff<t<oo

’

(Mf)(t) =

S R NR R

and

ifo<t<i,
iff<e<¥,
if L <t<f,
iff <t<oo.

(Nf)(2) =

S ol &l ™

Now, we consider

[Mf1y [f f} and [Nf]gz[g,%}.

Let fo = ;,r—36 Then By, (fo,7) = 11] Now, we have d,(fo, Mfo] )—db(1 [Ml] )

dp(3, L 1) So we obtain a sequence {NM(f,, }= {;, é, 214, 9+ inA generated by fo- Let
w(k) = and a=s. Deﬁne

1 iff>h
aff,h) =
g otherwise.
Now, for f, h € By, (fo, r) N {NM(f,,)} with a(f, h) > 1, we have

Ha, (MF15, INHL ) =max| sup (@ [NHIp), sup dy((Mf1;,5)]
2 : ac(Mel * beming

e (¥[55]) (5 5] 5]
-mafa(45)4(55)]
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(2. 62))

(f + h)2, —50f2h2 777 })
< w max 9(1+2(f+h)?)
( : (5 (%)
< ¥ (Ds(f, h))

in such a way that, for any 7 € (0, é—g] and for the strict increasing of the logarithm function
F(t) = In(¢), we obtain

v+ F(Ha, (IMf1y, Nkl g )) < F( (Ds(f, ))).
Now take 5,6 € A, then «(5,6) > 1. But we have
T + F(Hg, ([M5] 7 [N6]%)) > F(W (Dy(f> 1))).

So assumption (2.1) is not satisfied on A. Moreover, for each n € N U {0},

- i+ m 25 - 9 "
gb Yy (db(fo,fl))}=a><22<ﬁ> <36=r.

m=0

This means that the mappings M and N satisfy all the hypotheses of Theorem 2.5 for f,
h € By, (fo, r) N{NM(f,)} with a(f, g) > 1. So, M and N possess a common fuzzy fixed point.

3 Arealization of Theorem 2.5 for graphic contractions

Here we present an application of Theorem 2.5 in graph theory. Jachymski [22] proved an
analogous result in the special occurrence of contraction maps defined on a metric space
with a graph. Hussain et al. [19] gave fixed point results for graphic contraction with a
realization to integral equations. For the sake of completeness, recall here that a graph G
is a connected graph when there exists a path that connects any two different vertices (see
for details [12]).

Definition 3.1 Let A be anonemptysetand G = (V(G), E(G)) be a graph such that V(G) =
A, H C A. A mapping M : A — W(A) is said to be fuzzy graph dominated on H when, for
each f belonging to H and for each g belonging to Mf, it results that (f,g) is an edge
belonging to E(G).

Theorem 3.2 Let (A,dp) be a complete d.b — m. space endowed with a graph G. Following
the notations of Theorem 2.5, let r be a positive real number, f € W and M,N : A —
W (A). Suppose that, for some Y, € Uy, and n(f), v(g) € (0, 1], the following three conditions
are satisfied:
(i) M and N are fuzzy graphs dominated on W N{NM(f,)}.
(ii) There are t > 0 and a strictly increasing mapping F that satisfy the contractivity
condition

t + F(Hy, (IMf)y), [INglu)) < F(¥s(Ds(f,2))), (3.1)

whenever f,g € By, (fo,r) N {NM(f,)}, (fg) € E(G) and Hy, ([Mf],r), [Nglu(g) > 0.
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(iii) Y205 O Yo ) < 7
Then {NM(f,))} is a sequence in By, (fo,7), (fusfus1) € E(G) and {NM(f,)} — m*. Further-
more, suppose that inequality (3.1) is satisfied for m* and (f,, m*) € E(G) or (m*,f,) € E(G)
for all n e NU{0}. Then both the mappings M and N have a fuzzy fixed point in common

m* in By, (fo, 7).

Proof Define «: A x A — [0,+00) by

1, iff € By,(fo, 7). (f, h) € E(G),

0, otherwise.

alf,h) =

Now, assumption (ii) ensures that M and N are graphs dominated on W, thenforf €
By, (fo,7), (f,h) € E(G) for all ki € [Mf),) and (f, h) € E(G) for all & € [Nf]u()- So, a(f, h) =
1 for all i € [Mf],() and a(f,h) = 1 for all &z € [Nf], (). This means that inf{a(f, /) : h €
[Mf1lyn} = 1 and inf{e(f, h) : h € [Nflup) = 1. Hence a.(f, [Mf1,) = 1, a.(f, [INflup) =
1 for all f € By, (fo,7). So, M,N : A — W(A) are semi a,-dominated fuzzy mappings on

By, (fo, ). Also, we can rewrite inequality (3.1) as follows:

T + F(Ha, (IMf 1y, INHo)) < (¥ (Ds(f, 1)),

whenever f,h € W NANM(f.)}, a(f,h) = 1 and Hy, ((Mf1],), [INA] ) > 0. Further-
more, assumption (iii) permits Theorem 2.5 to guarantee that {NM(f,)} is a sequence in
By, (fo,r) and {NM(f,)} — m* € By, (fo,r). Lastly, f,,m* € By, (fo,r) and either (f,,m*) €
E(G) or (m*,f,) € E(G) implies that either «(f,,, m*) > 1 or a(m*,f,) > 1. Thus, all require-
ments of Theorem 2.5 are satisfied. Hence, by Theorem 2.5, M and N have a common

fuzzy fixed point m* in By, (fo, ) and d(m*, m*) = 0. O

4 A realization to integral equations

Theorem 4.1 Let (A,d}) be a complete d.b — m. space with constant b > 1. Let u € A and
M,N : A — A. Assume that there are T > 0 and a strictly increasing mapping F for which,
for a suitable function \, € Wy, the following contractiveness condition holds:

T + F(dyp(Mf,Ng)) < F(¥5(Do(f9))), (4.1)

whenever f,g € {NM(f,,)} and d,(Mf,Ng) > 0. Then {NM(f,)} — q € A. Further, if the con-
tractiveness condition is fulfilled for q, then the mappings M and N have a unique common
fixed point q in A.

Proof The proof of existence is very suchlike to that of Theorem 2.5, and so we omit it. It
remains only to prove the uniqueness. For this, let p be another common fixed point of M
and N. For contradiction, hypothesize dj,(Mg, Np) > 0. So it follows

T+ F(a’b(Mq, Np)) < F(Wb (Db(%P)))o
This implies that

dp(q,p) < ¥u(dp(q,p) < dp(q,p),
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which is not true. So d;,(Mg, Np) = 0. Hence g = p.

Now, we give a realization of this last theorem to a Volterra integral system.

14
m(p) = /0 Ki(p,t,m(t)) dt, 42)

P
n(p) = /0 Ks(p, t,n(0)) dt (4.3)

for all p € [0,1]. We find the solution of (4.2) and (4.3). Let A = C([0,1],R,) be the set
of all nonnegative real-valued continuous functions provided with the complete d.b — m.
defined below. First, for m € C([0,1],R,), define a supremum norm as follows: ||m|, =

Sup,cpo,1;im(P)f 7}, where 7, > 0 is taken arbitrarily. Then define

d.(m,n) = [ sup {[m(p) + H(P)lffrp}]z

pel0,1]

2
= |lm+n|;

for all m,n € é([O, 1],R,), with these settings (C'([O, 1],R,),d;) becomes a complete d.b —

m. space. g
Now we are ready to prove the theorem to find the solution of integral equations.
Theorem 4.2 Hypothesize that conditions (i) and (ii) are satisfied:

(i) Ki,K,:[0,1] x [0,1] x C([0,1],R,) — R;
(i) Define M, N : C([0,1], R,) — C([0,1],R,) by

»
(Mm)(p):/0 Ki(p,t,m(t)) dt,

P
) = [ Kalp () e
0
Take t > 0 in such a way that

tZ(m, n)
Ki(pt, Kptn)| < ————
| e, tym) + Kap n)| tZ(m,n) + 1

forallp,t €[0,1] and m,n € c(o, 1], R), where

[lm(p) + n(p)|1?,
[Im(p)+(Mm)(p)\]2.[In(p)1(Nn)(p)\]2
Z(m, n) = sup § ¥p L [|u(k)+e(k)] ’
[Im(p) + (Mm)(p)|1%,

[Im(p) + (Nm)(p)|1?

Then integral equations (4.2) and (4.3) have a unique solution.
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Proof By definition (ii)
|(Mm)(p) + (Nn)(p)|
- f " 1Ky (ool m(©) + Ko (s ()| s
0
P T —Tt\ £TL
= /0 tZ(m,n) +1 ([Z(m, n)]f )f dt

P T .
< / — L Zmm)f™dt
0

tZ(m,n) +1
tZ(m, n) P o
< T 1))
T tZ(m,n)+ 1
This implies
. Z(m, n)
|(Mm)(p) + (Nn)(p)|f ™ < tZ(myn) +1’
Z(m, n)

|(Mu)(p) + Ne)(p) |, < Z(myn) +1°
tZ(m,n) + 1 - 1

Zimm) 10+ N @)
T+ ! = :

Z(m,n) ~ |[(Mm)(p) + Nn)(p)|-°
that is,

1 -1
F T Mm )+ N )l — Zomn)

So, all the requirements of Theorem 4.1 are fulfilled for F(n) = :/_12 ;n >0 and d.(m,n) =
| + n||%. Hence equations (4.2) and (4.3) have a unique common solution.

5 Application to functional equations
Here, we derive an application for the solution of a functional equation arising in dynamic
programming. Consider U and V to be two Banach spaces, Z C U, H € V, and
n:ZxH—Z,
gu:ZxH-—>R,
M,N:ZxHxR—R.
For further results on dynamic programming, we refer to [7, 10, 11, 26]. We can assume

that Z and H represent the states and decisions spaces, respectively. The problem related
to dynamic programming is brought back to solve the following functional equations:

ply) = sulg{g(y,a) +M(y, o, p(i(y,)))}, (5.1)
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q(y) = sug{u(%a) +N(y,a,q(a(y,a)))} (5.2)

for y € Z. We ensure the existence and uniqueness of a common and bounded solution of
Egs. (5.1) and (5.2). Suppose that B(Z) is the set of all bounded real-valued functions on
Z. Consider

dy(, k) = | = K|1%, = sup|h(y) = k(y)|” (5.3)

yYeN

for all &, k € B(Z). In such a way, (B(Z),d};) becomes a dislocated b-metric space. Assume
that

(C1): M, N, g, and u are bounded.

(C2):Fory € Z,he B(Z), S, T : B(Z) — B(Z), take

Sh(y) = suE{g(y,oz) +M(y,a,h(12(y,a)))}. (5.4)
Th(y) = su}g{u(y,a) +N (v, o, h(i(y,a)))}. (5.5)

Moreover, assume also that there exist 7, f > 0 such that, for every (y,a) € Z x H, h,k €
B(Z),teZz,

\M(y, e, h(t)) = N(y, o, k(£)| < D(, k)f 7, (5.6)

where

[IA(2) - k(®)[1%,
[\h(t)—Sh(t)I]Z.[\k(t)—fk(t)\]2
D(h, k) = sup § ¥ L+[[(6)-k()]] ’
[|A(2) - Sh(2)|1?,

[|A(2) - Tk(2)[]*

Theorem 5.1 Assume that conditions (C1), (C2) and (5.6) hold. Then Egs. (5.1) and (5.2)

have a common and bounded solution in B(Z).

Proof Take any A > 0. From (5.4) and (5.5), there exist /1,4, € B(Z) and o3,y € H such
that

(Shl) <g(%051) +M(%(¥1,h1 (ﬁ(%oh))) + )‘-; (57)

(Thy) < gy, ) + N(v, a2, ha(i(y, a2))) + A. (5.8)

Again using the definition of supremum, we have

(Shl) Zg()’:az) +M(%0lz,h1(b~l(%(¥2)))x (59)

(Thy) = g(y,a1) + N(y, a1, by ((y, 1)) (5.10)
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Then, from inequalities (5.6), (5.7), and (5.10), we have

(Sh)(y) = (Tha)(y)
<M(y, a1, (@(y, 1)) = N (v, a1, ha(i(y, a1))) + 4
= iM(yxabhl (ﬁ(y)al))) _N(yralr h2(ﬁ(y’a1)))| + A

<D(hk)f " + A
Since X > 0 is arbitrary, we get

|Shy(y) = Thy(y)| < Dl k)f ™,
fT|Sm(y) = Tha(y)| < D(h, k).

This further implies that
T+ ln’Shl(y) - Thg(y)} <In(D(h, k).

Therefore, all the requirements of Theorem 4.1 hold for F(g) =Ing; g > 0 and d.(h, k) =
|1 — k||2. Thus, we obtain a common fixed point #* € B(W) of M and T, that is, #*(y) is a
common solution of Egs. (5.1) and (5.2). a

6 Conclusion

In this work we have discussed the notion of b-metric like space, and we have given
several applications. We attained fixed point achievements for general rational type F-
contraction for a pair of semi «,-dominated fuzzy mappings. The notion of fuzzy graph
dominated mappings on a closed set has been introduced. Applications of two different
types of Volterra type nonlinear integral inclusions and dynamic process are presented.
Our results generalized and extended many recent fixed point results of Rasham et al.
[24, 27, 28], Wardowski’s result [39], Ameer et al. [7], and many classical results in the
current literature (see [15, 21, 23, 31, 32]).
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