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1 Introduction and preliminaries

In functional analysis, fixed point theory plays a vital role in elaborating the problems.
Fixed point results for the multivalued functions were first examined by Nadler [24]. The
work of Nadler has been cited by many mathematicians and brings to the level of ultimate
advancement, see [6, 25, 33]. Dislocated metric space [21] is one of the generalizations
of metric spaces among several generalizations, and it has applications in logic program-
ming semantics [10]. Hussain et al. [11] extended this concept to dislocated b-metric space
and obtained results for weak contractions. On the other hand, Wilson [39] introduced
the quasi-metric space by excluding the symmetric conditions in the definition of metric
spaces. Several extensions of quasi-metric space have been made, and some fixed point
theorems have been obtained, see [1, 9, 16, 18-20, 28, 31]. Shoaib et al. [35] established
results for multivalued functions in a dislocated quasi-metric space, see also [8, 37]. Ra-
tional type, Kannan type, and Reich type contractions on multivalued functions in double
controlled quasi-metric type spaces [34, 36] have been introduced, and some fixed point
theorems have been obtained. Another generalization of metric space, named function
weighted metric space or F-metric space (see, [2—4, 22]), was defined by Jleli [13]. Recently,
Panda et al. [29] defined extended F-metric space and discussed a solution for Atangana—
Baleanu fractional and Lp-Fredholm integral equations. Karapinar et al. [17] gave the idea
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of a function weighted quasi-metric space and examined the presence of a fixed point
of functions in function weighted bi-complete quasi-metric spaces. Different efforts have
been made in the field of F-contraction mapping [38] to exhibit certain results on fixed
points of multivalued mappings. Hussain et al. [12] introduced Suzuki—Wardowski type,
Rasham et al. [30] established rational Ciri¢ type, and Sgroi et al. [32] defined Hardy—
Roger type F-contraction mappings. Some applications were also discussed by them. For
more results, see [5, 7, 14, 15, 23, 26, 27]. In this article, we introduce function weighted
L-R-complete dislocated quasi-metric spaces and obtain fixed point results for multival-
ued mappings satisfying generalized rational type F-contraction in such spaces without
the second condition (F2) and the third condition (F3) imposed on Wardowski’s function
[38]. A suitable example and an application confirm our results. We start with some basic
concepts.

Definition 1.1 ([17]) A function /4 : (0, +00) — R is said to be
(i) logarithmic-like, if:

for each sequence {t,,} C (0, +00) satisfies

lim h(t,)=-oo ifandonlyif lim t,=0.
m—+00 m—+00

(ii) nondecreasing function, if:
O<o <t implies h(o) < k(7).
Let y denote the set of all logarithmic-like nondecreasing functions.

Definition 1.2 ([13]) For a mapping §: M x M — [0, +00), if a pair (4, C) € y x [0, +00)
exists for all u, v, w € M, we have

(A1) 8(u,w) =8(w,u);

(Az) 8(u,w) =0ifand only if u = w;

(A3) ForanyjeN,j> 2, wehave

j-1
8(u,w)>0  implies /1(8(u,w)) <h(Y_8(vi,vin) +C

i=1

for every (vi)ézl C M with (v1,v;) = (4, w). Then § is called an F-metric or a function
weighted metric [17] and (M, §) is known as an F-metric space or a function weighted
metric space. If we exclude the condition (A;) from Definition 1.2, then (M, §,) represents

a function weighted quasi-metric space [17].

Definition 1.3 Let (M, $,) be a function weighted quasi-metric space. If we replace (A,)
with 8,(u, w) = 0 implies u = w, that is, 8,(u, #) may not be equal to zero, then we say that
8, is a function weighted dislocated quasi-metric on M. We will denote this new metric by
84q. Furthermore, the couple (M, 84,) is called a function weighted dislocated quasi-metric
space. Note that any function weighted quasi-metric space is also a function weighted
dislocated quasi-metric space but the converse is not true in general.
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Definition 1.4 Let (M, 8,4,) be a function weighted dislocated quasi-metric space. A se-
quence {u;} in M is
(i) left convergent to some u € M if and only if lim 84, (s,,, u) = O or, for every & > 0,
we have 84,(u, u) < € for all m > ¢, where t:lrs+sogme integer depending on ¢.
(ii) right convergent to some u € M if and only if tEI}looqu(u, u;) =0 or, for every € > 0,
we have 84,(u, u;) < & for all t > t,, where ¢, is some integer depending on &.
(iii) The sequence {u,} is L-R-convergent if and only if it is both left and right
convergent.
(iv) The sequence {u,} is bi-convergent to some u € M if and only if

lim 84,(u,u,) = lim 84,(e6, 1) = 0.
t—> +00 —>+00

Lemma 1.5 Every L-R-convergent sequence in a function weighted dislocated quasi-metric
space is bi-convergent.

Definition 1.6 Let (M, d,4,) be a function weighted dislocated quasi-metric space. A se-
quence {u;} in M is

(i) left Cauchy if and only if limy, ;- 100844 (4m, 1) = O or, for every & > 0, we have
t>m

8aq(tm, us) < € for all £ > m > £, where ¢, is some integer depending on .

(ii) right Cauchy if and only if lim,, W,ﬁwob‘dq(um, u;) = 0 or, for every ¢ > 0, we have
>t

8aq(thmsu;) < e forallm >t > ts, where £, is some integer depending on ¢.
(ili) The sequence {u,} is bi-Cauchy if and only if it is both left and right Cauchy.

Definition 1.7 Let (M, 8,4,) be a function weighted dislocated quasi-metric space. Then
(M, 8,4,) is
(i) right-complete if and only if each right-Cauchy sequence in M is bi-convergent to
some u € M.
(ii) left-complete if and only if each left-Cauchy sequence in M is bi-convergent to
some u € M.
(ili) bi-complete (or dual complete) if and only if it is both right- and left-complete.
(iv) L-R-complete if and only if for every bi-Cauchy in M is L-R-convergent to some
ueM.

Remark 1.8 Every right-complete, left-complete, and bi-complete function weighted dis-
located quasi-metric space is L-R-complete, but the converse is not true in general, so it is
better to prove results in L-R-complete function weighted dislocated quasi-metric space
instead of right-complete or left-complete or bi-complete.

Definition 1.9 Let Q be a nonempty subset in a function weighted dislocated quasi-
metric space (M, 84,), and let u € M. An element wy € Q is called the best approximation
in Q for u if

8aq(u, Q) = 8aq(u, wo), where d44(u, Q) = Vivrelgrsdq(u, w),

84q(Q, 1) = 844(wo, u), where 64,(Q,u) = Mi}lelg(sdq(w, u).

If each a € M has at least one best approximation in Q, then Q is called a proximinal set.
The set of all closed proximinal subsets of M is denoted by P(M).

Page 3 of 15
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Definition 1.10 The function Hs,, : P(M) x P(M) — [0, +00), defined by

Hy, (G,H) = max{ Sup aq g, H), S0P 8.5(G, h)},
ge €

is called Hausdorff-Pompeiu function weighted dislocated quasi-metric on P(M).

Lemma 1.11 Suppose that (M,84,) is a function weighted dislocated quasi-metric. Let
(P(M), Hy dq) be a function weighted Hausdorff-Pompeiu quasi-metric space on P(M).
Then, for all G,F € P(M) and for each g € G, there exists f; € F that satisfies 544(g,F) =
8aq(g:fy), and then

Hédq(GrF) = 8dq(grfé)~

2 Main results

Let (M, 844) be an L-R-complete function weighted dislocated quasi-metric, ao € M and
S : M — P(M) be the multivalued mapping on M. Let a; € Say such that §4,(ao, Sag) =
8aq(ao,a1) and 8,44(Sag, ao) = 8aq(a1,a0). Now, for a; € M, there exists a; € Sa; such
that 8,4(a1,Sa1) = 8ag(a1,a2) and 844(Sai,a1) = 8a44(az, a1). Continuing this process, we
construct a sequence a, of points in M such that a,,; € Sa,, and a,., € Sa,,; with
8aq(@ns San) = 844(an, Ani1)s 8dg(Sans @n) = 8ag(ani1, @n) and 844 (@1, SAni1) = 8ag(Ani1s Ansa),
8iq(S@ns1, @ni1) = 8ag(@ns2; ane1). We denote this iterative sequence by {MS(a,)} and say
that {MS(a,)} is a sequence in M generated by ao. Now, we announce our first new result
in this paper.

Theorem 2.1 Suppose that (M,384,) is an L-R-complete function weighted dislocated
quasi-metric with respect to (h,C) € y x [0,+00). Let S : M — P(M) be a multivalued
mapping, F : (0,+00) — R be a strictly increasing mapping, t > 0, W1, 2, U3, ke > 0,

— _Mitun . M1tu3
m =150 <land ny = {575 < 1 such that

T+ max{]-'(H(;dq (Sg, Sw)), .F(Hgdq (Sw,S9))}

i 844(g,82)-84,(w, Sw)
Smm{f(ﬂlgdq(g’w)+M23dq(grsg)+l/«35dq(W,SW)+IL4 48 5¢) bdq >,

1+ 844(g, W)

844(58,8).844(Sw, w)) } 2.1)
1 +845(w,0) ’ ’

F (médq(w,g) + 112844(Sg,8) + 38aq(SW, W) + g

whenever min{H(gdq(Sg, Sw),H,;dq(Sw, S2)} >0, g,we {MS(g)} U {z*}, where {MS(g;)} — z*.
Then z* is the fixed point of S.

Proof Consider the sequence {MS(g;)}. By using Lemma 1.11 and inequality (2.1), we have

T+ F(8aq(€r41,812)) < T + F(Hs, (S8 Sgi1))
< F(Mlsdq(gt:gn—l) + /LZqu(gt: ng) + /’L35dq(gt+lr Sgt+1)

qu(gt,Sgt).qu(gm,ng)>
1+ 844(8, ge41)
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=< -7:<li15dq(gt;gz+1) + Mz5dq(g¢,gt+1) + M35dq(gz+1,gt+2)

(qu(gt:gﬁl)-(qu(gt+lrgt+2) )
1+ ‘qu(gt;gﬁl)

< f((/‘Ll + /L2)5dq(gt¢gt+1) + (/’L3 + /’L4)8dq(gt+1¢gt+2))~

As >0, we have

F(8ag(ger1,81+2)) < F (1 + 12)84q(ger Ge1) + (13 + 14)8g(er15 &e42))-

As F is a strictly increasing mapping, we have

8aq(gr1:Grva) < (M1 + 12)844(G1s Gov1) + (U3 + 14)Sag(gre1,Giv2)-

We get

(1 - U3 - M4)8dq(gt+lxgt+2) < (:ul + M2)6dq(gt:gt+l)x

M1+ o

8dq(Gr11,842) < (4
1— 3~ g

)5dq(gt’gt+1)-

Hi+12
1-p3—pa

ASTh: <1,SO

(qu(gt+lrgt+2) < 7718dq(gt’gt+l)'

Let 7 = max{n;,n2} < 1, hence

3dq(gt+lrgt+2) < nadq(gtygt+l)~ (22)

Now, by using Lemma 1.11 and inequality (2.1), we have

T+ F(84q(80:811)) < T + F(Hs,, (Sg:-1,581))
=< f(ln@dq(gt_l,gt) + Mzﬁdq(gt,Sgt) + Msqu(gt_l,Sgt_l)

qu(gt, Sgt)~8dq(gt—l’ Sgtl))
1+ qu(ngl,gt)

M4

=< ]"(m@dq(gt_l,gt) + 12844(gs 8r+1) + 30a4(81-1, 1)

édq(gcl,g;)-(qu(gngm))
1+ qu(gtfbgt)

< F((1 + 13)8aq(ge-1,8) + (142 + 144)84q(g1r e41))-

4

This implies

F (8aq(ge 1)) < F (1 + 143)8aq(gi-1,81) + (12 + 144)8g (g1 &141))-
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Since F is a strictly increasing mapping, we have
3dq(gt,gt+1) <(u1+ M3)5dq(gt_1,gt) + (2 + u4)5dq(g¢,g:+1).
We get

(1 — po — 14)8aq(ge Gre1) < (11 + 143)8a4(8r-1,81),

M1+
8aq (8t gen1) < (143>5dq(gt—l;gt)~
1—po—pa

= _Matus
Asn, = T < 1, s0

5dq(gt,gt+1) < n25dq(gt_1,gt) < n5dq(gt_1,gt)- (2.3)
By using (2.3) in (2.2), we have

5dq(gt+1,gt+z) < nzqu(gt_lygt).
Continuing in this way, we have

Saq(ges1> Gev2) < 11 8ug(20, 81)- (2.4)
By using Lemma 1.11 and inequality (2.1), we have

T+ F(84g(gt+2:8611)) < T + F(Hs,, (Sg11,581))

=< f(ult?dq(gm,gt) + Mzqu(Sgt,gt) + Msﬁdq(ng,gm)

8aq(Sgt: &t)-84q(Sgt+1,8+1) >
1+ qu(gnbgt)

< f<M15dq(€t+1:gt) + 12844(8ri1,80) + 30ag(Gte25 Grv1)

qu(gt+lrgt)'8dq(gt+2:gt+1))
1+ 5dq(g¢+1,gt)

< F((m1 + 12)8aq(@ee1, &) + (13 + 114)aq (G2, 8141)) -

Ma

Again by doing similar steps to obtain (2.2) from (2.1), we have
8aq(giv2sGre1) < MB8ag(Q+1,8) < M8ag (@41, 81)- (2.5)
By using Lemma 1.11 and inequality (2.1), we have

T+ F(84q(ge:1,80)) < T + F(Hs,, (S8t Sgr-1))

<F <,u'18dq(gt:gt—l) + 128aq(S8: 8t) + 38aq(Sgi-1,81-1)
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8aq(S8t: t)-8aq(Sgt-1,81-1) )
1+ qu(gngtfﬂ

=< f<M15dq(gt,gt_1) + 12844(gri1,81) + 130a4(8tr Go-1)

qu(gm,gt).t?dq(gngm))
1+ 844(gerge-1)

< F((1 + 13)8aq(ge&-1) + (142 + 144)84g(g41,82))-

4

Again by doing similar steps to obtain (2.3) from (2.1), we have

5dq(gt+1,gt) < n25dq(gngt_1) < ﬂ5dq(gt»gt—1)— (2.6)

By using (2.6) in (2.5), we have

5dq(gt+27gt+1) < nzadq(gt:gt—l)'

Continuing in this way, we have

8dq(gt+2rgt+1) < nt+18dq(gl;g0)~ (2.7)
As (h,C) € y x [0, +00) satisfies (A3), then for fixed € > 0 there exists § > 0 such that
0<o <8 implies h(o)<h(e)-C. (2.8)

By using (2.4), we have

m—1

Z5dq(gk,gk+1) <n"(L+n+n*...0n"" ") 8uy(g0,81),

k=n

m-1

Z 844 (8r8ki1) <

k=n

n_ . 8aq(g0,&1), m>n. (2.9)

1

Since lim %qu(go,gl) = 0, then for § > 0 there exists some ny € N such that 0 <
n—+00

15-84q(20,&1) < 8, m > no. By (2.8) and (2.9), we write

m-1 n
h (Z 5dq(gk£k+1)> <h (1’7_—178dq(g0,g1))
k=n

<h(e)-C forall m,n> ny.
Suppose that §,44(gy, g44) = 0 for some p,g € {0,1,2,3,...} with g > p, then g, = g4,

adq(gpxgpﬂ) = ‘qu(gp’sgp) = 8dq(gdq’ Sgdq) = qu(gdq’gqﬁ-l) = Uq_p5dq(gp,gp+1),
(1 - nq_p)‘sdq(gprngrl) <0.
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S0 844(gp» gp+1) = 0and g, = gp1. Now, g1 € Sg, implies that g, € Sg,. Hence g, is the fixed
point of S. Now suppose that 84,(g,:,g,) # 0 for all m,n € {0,1,2,3,...} with m > n. Using
(A3) and the inequality, 84,(gs,gx) > 0 for all m, n > ny, we have

m-1

h(adq(gn,gm)) <h (Z 5dq(€k,§k+1)> +C«< h(é),

k=n

84q(gngm) <€ forall m,n> ny.

This proves that {g,} is a right-Cauchy sequence in M. Again by using (2.7), we have

m-1
> 8aq(geergd) < "1+ 0+ 10" ) 8ug(g1,0)
k=n
nn
=< 8aq(81,80), m>n.
1-7n

Since lim %qu(gl, o) = 0, for any § > O there exists some n; € N such that 0 <
n—+00

%qu(gl,go) < & for all n > n;. Furthermore, assume that (4, C) € y x [0, +00) satisfies

(As3), and let € > 0 be fixed, by using similar steps as above, we have

8aq(gmgn) <€ forallm,m>n,.
This proves that {g,} is a left-Cauchy sequence in M. Hence, {g,} is a bi-Cauchy sequence
in M. Since (M, 84,) is L-R-complete, there will be some y* € M such that {g,} is L-R-
convergent to y*. By Lemma 1.5, every L-R-convergent sequence is bi-convergent, that
is,

im 8ag(<" ) = lim 8aq(g12") = 0.
Suppose 84,4(z*, Sz*) > 0, we have

T+ F(Saq(g1,82)) < T + ]-"(Hadq (Sgi, Sz*))

<F (uu?dq (g:2") + 128aq(ge Sg) + 1384q (2%, S2)

8aq (gt Sgt)-84q(2", S27)
1+ qu (gt, z*) :

This implies that

8aq(g1+1,S2%) < 11184g (g1, 2") + 128aq(ge> Sgr) + 1304q (2", S2¥)

8dq(gt’ Sgt)'adq(z*, SZ*)
1+ qu(gt’ Z*)

+ Ua

Taking ¢ — +00, we have

8aq (2" 82") < 13daq(z*, S2%),
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(1 - 13)844(2%, S2%) < 0.
This is a contradiction, so 4,(z*, Sz*) = 0, so z* € Sz*. Hence z* is a fixed point of S. I

Example 2.2 Let M = [0, +00). Consider 84, : M x M —> [0, +00) to be an L-R-complete

function weighted dislocated quasi-metric on M defined as
Saq(@,w) = (2g + 3w)".

Obviously, 8,4, satisfies axiom (A;). However, 84, is not symmetric, as 844(1,2) = 64 #49 =
844(2,1). Define S: M x M — P(M) as S(g) = [%’ 2?g].Take U1 = %, o = i, U3 = é, g = %,
then (1 + o + 3 + pa < 1. Taking v = 0.2 and F(g) = Ing, we have

T+ max{f(Hadq (Sg, Sw)), ]:(Hadq (Sw, Sg))}

. 844(2,82).84,(w, Sw)
Sm‘“{F(Mladq(g,W)+M25dq(gy5g)+/t35dq(w,5w)+,u4 (& 50) by )

1+ 844(g,w)
adq(sg7g)'8dq(sw’ W) ) }
1+ 843w, 0)

84q(Sg,8)-8a4(Sw, W) )
1+ 844(w,9)

1 1/3 2 13 21 (243903 + 3w)?
=In( =(2g +3w)* + - —g+3g c (223w +—(5 +3¢)°(5 +3w) .
2 4\ 5 8\ 5 10 1+ (2g+3w)?

F (Ml&iq(w,g) + 12844(Sg, &) + 13844 (Sw, W) + 114

=F (médq(w,g) + £2844(S2, ) + 13845 (SW, W) + s

Since all the conditions of Theorem 2.1 are fulfilled and 0 is a fixed point of S.

Corollary 2.3 Suppose that (M,84,) is an L-R-complete function weighted dislocated
quasi-metric space with respect to (h,C) € y x [0,+00). Let S : M — P(M) be a multi-
valued mapping, F : (0,+00) — R be a strictly increasing mapping, T > 0, 11, (L3, s > 0,

= _ M1+u3
M= 15550, <1 and ny = i, <1 such that

T+ max{}'(H(;dq (Sg, Sw)), ]-'(H(;dq (Sw, Sg))}

1) ,S2).6 , S
Smin{}(”l‘sd«i(g’w)+M35dq(W,SW)+M4 44(8, 58)-84, W)),

1+ qu(g, w)

5dq(5g’g)‘8dq(sw’ W) ) }
1+ 6845w, 0)

F (m&iq(w,g) + 13844 (Sw, W) + g

whenever min{Hgdq(Sg, Sw),H(;dq(Sw, S2)} >0, g,we {MS(g)} U {z*}, where {MS(g;)} — z*.
Then z* is the fixed point of S.

Corollary 2.4 Suppose that (M,84,) is an L-R-complete function weighted dislocated
quasi-metric space with respect to (h,C) € y x [0,+00). Let S : M — P(M) be a multi-
valued mapping, F : (0,+00) — R be a strictly increasing mapping, T > 0, 11, (L2, s > 0,
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m =402 <landny = P <1 such that

T+ max{]-'(H(;dq (Sg, Sw)), .F(H,gdq (Sw, Sg))}

840(2,52)-840(W, S
Smin{}—<“15dq(g’w)+M23dq(g75g)+l/«4 (8, 58)-daq (1w W)),

1+ 844(g, W)

84q(S8,8).844(SW, w)> }
1+ 844w, 0)

F (ulédq(w,g) + 112844(S8,8) + [a

whenever min{Hgdq(Sg, Sw),H(;dq(Sw, S2)} >0, g,we {MS(g)} U {z*}, where {MS(g;)} — z*.
Then z* is the fixed point of S.

Corollary 2.5 Suppose that (M,844) is an L-R-complete function weighted dislocated

quasi-metric space with respect to (h,C) € y x [0,+00). Let S : M — P(M) be a multi-

valued mapping, F : (0, +00) — R be a strictly increasing mapping, T > 0, {11, (Lo, 3 > 0,
1+

m =422 < 1andn, = “ﬁ*ﬂ“; <1 such that

T+ max{]—"(H(;dq (Sg, Sw)), ]-'(H(;dq (Sw,S9))}
< min{F (141844(g W) + 142844(g, Sg) + 1384 (w, Sw)),

F(11184g(w> @) + 142844(Sg, 8) + 11384g(Sw, ) }

whenever min{H[gdq(Sg, Sw),H,;dq(Sw, S2)} >0, g,we {MS(g)} U {z*}, where {MS(g;)} — z*.
Then z* is the fixed point of S.

3 Application
In this section, we present our main result for single-valued mappings and investigate the

uniqueness of the fixed point as well. An application is given to the obtained result.

Theorem 3.1 Suppose that (M,84,) is an L-R-complete function weighted dislocated

quasi-metric space with respect to (h,C) € y x [0,+00). Let S: M — M be a mapping,

M1+
1-p3—pa

F :(0,400) — R be a strictly increasing mapping, T > 0, (1, b2, 3, ba > 0,11 =

and n, = % <1 such that

T+ max {F (844(Sg, Sw)), F (844(Sw, Sg)) }

(qu(g) Sg)'adq(VW SW)
1+ 844(g, W) ’

84q(58,8).844(Sw, w)) } (3.1)
1 +845(w,8) ’ ’

< min{}'(uﬁdq(g, W) + U2844(g, Sg) + 38ag(W, SW) + s

F (médq(w,g) + 12844(Sg, &) + 143844 (Sw, W) + 1y

where, g,w € M. Then there exists a unique fixed point of S.

Proof The proof of Theorem 3.1 is similar to the proof of Theorem 2.1. Here we prove only

uniqueness. Suppose that g* and w* are the two distinct fixed points of S, then 84, (g*, w*) >

Page 10 of 15
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0. By inequality (3.1), we have
T+ F(ag(ghw) <7+ max{}'(qu(Sg*,Sw*),]:(qu(Sw*,Sg*)}

< f(/m?dq(g*,W*) + W2aq (8", Sg") + wabaq(W*, SW*)

+ Ua

5dq(g*, Sg*).qu(W*,SW*)
1+ 84q(g*, W) ’

T+ F8aq(gw") < F(118aq(¢" w")),
8aq (g w*) < m1dag(g*, w*),

8aq(g*, w") < 8ag(g", w").

As b44(g%, w*) > 0, therefore a contradiction arises. So, we have g* € M, a unique fixed point
of S. g

Remark By taking a bi-complete function weighted quasi-metric space, s = 13 = g = 0,
7 > 0, and F(«) = In() in Theorem 3.1, we obtain the result of Karapinar et al. [17] as

follows.

Corollary 3.2 Let (M, $,) be a bi-complete function weighted quasi-metric space and S be
a mapping from M to M. Suppose that there exists k = p1e™" € (0,1) such that

8,(Sg, Sw) < kéz(g,w), gweM. (3.2)
Then S possesses a unique fixed point g € M.
Remark By taking a bi-complete function weighted quasi-metric space, @1 = 4 = 0 and
Wy = 3, T >0 and F(a) = In(e) in Theorem 3.1, we obtain the result of Karapinar et al.

[17] as follows.

Corollary 3.3 Let (M, $,) be a bi-complete function weighted quasi-metric space and S be
a mapping from M to M. Suppose that there exists |t = ae”" € (0,1/2) such that

8,(Sg,Sw) < ;L[Sq(g, Sg) + 84(w, Sw)], gweM. (3.3)
Then S possesses a unique fixed point g € M.

Now we discuss the solution of Volterra type integral equation which is an application

of Theorem 3.1. Consider the equation

m(r) = /0 H(r,q,m(q)) dgq (3.4)

for all r, g € [0, 1]. For solution of (3.4), we follow the following process.
Let M be a collection of all real-valued continuous functions on [0, 1] endowed with
the L-R-complete function weighted dislocated quasi-metric space. Define the supremum
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norm as ||m||; = sup,c(o{|m(r)le""} for m € M, where t > 0. Now, define

2
83,m,2) = [ sup {[2m(r) + 32(1)]e ™" }]" = 2m + 2]
rel0,1]

for all m, z € M, with these settings, (M, §;, ) becomes an L-R-complete function weighted
dislocated quasi-metric space.

Let us prove the theorem given as under to make sure the existence of solution of (3.4).

Theorem 3.4 Suppose that the following conditions are satisfied:
(i) H:[0,1] x [0,1] x C([0,1],R,) — R,;
(i) S: M — M is defined by

Sm(r)=/0 H(r,q,m(q))dq.

Suppose that t > 0 exists, such that

tN(m,z)e™

max{2H(r,q,m) + 3H(r,q,2),2H(r,q,2) + 3H(r,q,m)} < —————
tN(m,z) +1

form,z € C([0,1],R,) and for all r,q € [0, 1], where

N(m,z) = p112m + 3z||* + o ||2m + 3Sm||* + ps |2z + 35z|)>

12m + 3Sm|%.||2z + 3Sz||?
1+ |2m + 3z||2

)

where T, 41, Lo, 43, La > 0 and 1 + o + w3 + g < 1. Then (3.4) has a unique solution.
Proof By supposition (ii)

|max{25m + 352,25z + BSm}|

r

= max{/r(ZH(r, q,m) + 3H(r,q,2)) dq,/
0 0

" tN(m,z) a
YA g,
</0 rN(m,z)+le 1

N (m, "
_ TN(m Z) / et dq,
tN(m,z)+1 Jy

(2H(r,q,2) + 3H(r,q,m)) d‘I}

tN(m,z)(e™" - 1)
(tN(m,z) + 1)t
N(m,z)e™”

< tN(m,z) +1’

N(m,z)

TN(m,z) +1’
N(m,z)

IN(m,z) +1°

|max{2Sm + 357,28z + 3Sm}| <

’max{ZSm + 382,25z + 3Sm} |e’" <

”max{ZSm + 382,25z + 3Sm} H . <
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This implies

tN(m,z) +1 1
< .
N(m,z) || max{2Sm + 35z, 25z + 3Sm}|| .

That is,

1 1
N(m,z) < || max{2Sm + 3Sz,2Sz + 3Sm}|.

T+

This further implies

1 -1
T max(28m + 352,252 + 3Sm)[l, - N(m,2)’

{ -1 -1 } -1
T + max

12Sm + 3Sz||” 125z + 3Sm|| < N(m,z)

For F(z) = \‘/—12; z>0and 8;q(m, z) = || 2m +3z||2, the conditions of Theorem 3.1 are fulfilled.

Hence the Volterra integral equation given in (3.4) has a unique solution. O

4 Conclusion

The notion of a function weighted L-R-complete dislocated quasi-metric space has been
introduced. The condition 8,4,(g,g) = 0 from function weighted quasi-metric space has
been excluded. The concept of bi-completeness has been generalized by introducing the
concept of L-R-completeness. We have established fixed point results fulfilling generalized
rational type F-contraction for a multivalued mapping in this new framework. We have
presented results for single-valued mappings and have investigated the uniqueness of the

fixed point as well. An application and an example have also been constructed.
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