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ABSTRACT. In this article, we discuss a recent generalization of a quasi metric space and intro-
duce F' — ps — p% contraction which is a generalization of many recently announced contractions.
Fixed point results for some of such contractions have been obtained. An example of our main
result is also given which shows that how our result can be used when others fail. We achieve results
endowed with a graph. Results in ordered left K-sequentially complete quasi b-metric space have
been established. We consider applications of our main results for the existence of a unique common
solution for a system of integral equations and of a unique solution for functional equations that

arises in dynamic programming.
AMS (MOS) Subject Classification. 47H10; 54H25.

Keywords and Phrases: Common fixed point; multivalued mapping; {T'S(z,)}
sequence; ' — s — pi—contraction; complete quasi b-metric space; open ball; graph;

partial order; integral equations; dynamic programming.
1. Introduction and preliminaries

One of the generalizations of the metric space is the quasi metric space that was
introduced by Wilson [48]. The commutativity condition does not hold in general in
a quasi metric space, see [9, 14, 16, 20, 35, 50, 51]. Several authors extended and
generalized this concept in different ways, see [4, 5, 14, 25, 29, 31, 32, 63]. The quasi
b-metric space, see [26, 44] is a generalization of a quasi metric space as well as a

b-metric space, see [3, 43, 62]. In this paper, we are using quasi b-metric spaces

Nadler [36] presented fixed point theorem for multivalued mappings and general-
ized the results for single-valued mappings. Since then, an interesting and rich fixed
point theory for such mappings was developed in many directions, see [13, 15, 46, 47].
Fixed point results of multivalued mappings have applications in engineering, control
Received October 4, 2020 ISSN1056-2176 (Print); ISSN 2693-5295 (online)
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theory, differential equations, games and economics, see [12, 21]. In this paper, we

are using multivalued mappings.

Wardowski [49] introduced a mapping F' and a contraction to obtain a fixed point
result. For more results on this direction, see [1, 10, 33, 34, 52, 53, 54, 55, 56, 57,
58, 59, 60, 61]. Recently, Rasham et al. [41] proved some fixedp oint results by using
only one condition out of three conditions of Wardowski. In this paper, we are using

the methodology given in [41].
Arshad et al. [8] observed that there were mappings which had fixed points

but there were no results to ensure the existence of a fixed point of such mappings.
They introduced a condition on closed ball to achieve common fixed points for such
mappings. For further results on closed ball, see [40, 41, 45]. In this paper, we are

using open ball instead of closed ball.

Ran and Reurings [39] and Nieto et al. [37] gave an extension to the results in
fixed point theory and obtained results in partially ordered sets. Altun et al. [6]
introduced a new approach to common fixed point of mappings, satisfying a general-
ized contraction with a new restriction of order, in a complete ordered metric spaces.
For more results in ordered spaces see [22, 23, 24]. Asl et al. [11] gave the idea of
a-1) contractive multifunctions (see also [2, 27, 42]) and generalized the restriction of
order. In this paper, we have modified the result of Altun et al. [6] by introducing

F — s — p% contractions and generalizing their restriction of order.

First, we recall the following definitions and results which will be useful to un-
derstand the paper. Berinde [17] introduced the class of b-comparison functions, see
also [43, 45].

Definition 1.1. [43] Let s > 1 and pu; : [0,00) — [0, 00) be a function, which satisfies:

(Wg1) ps is non-decreasing.
&)

(Uy) For all t > 0, we have > s*u” (t) < oo, where p¥ is the k™ iterate of .
k=0

Then the function pg is called b-comparison function. Let s > 1, then ug (t) = bt,
teRY with0 <b< % is a b-comparison function. For each value of “s” in the given
example, we can obtain infinitely many b-comparison functions by taking different

values of “b”. The set of all b-comparison functions is denoted by W,. If we take

_t
1+t

comparison function. The set of all (c¢)-comparison functions is denoted by W.

s = 1, then p, is called (c)-comparison function. If p(t) = then u is a (c)-

Lemma 1.2. [43] Let us € Wy, Then

(i) sps (t) < t, for allt >0,
(ii) ps (0) =0.

Clearly s (t) < t for all t > 0 implies s" T 21 (t) < s™u”(t).
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Definition 1.3. [44] Let X be a nonempty set, s > 1, a,y,z € X and ¢5 : X x X —

[0,00) be a function, which satisfies:

(¢1)  ¢s(a,y) = 0if and only if a = y,
(©2) 45 (a,y) < slgs(a,2) + g5 (2,9)]

Then ¢4 is called a quasi b-metric and the pair (X, g;) is called a quasi b-metric space.
The number s is called the coefficient of (X, ¢s). For a € X and ¢ > 0, B, (a,¢) =
{y € X : ¢(a,y) < e and ¢,(y,a) < e} and B, (a,¢) = {y € X : q.(a,y) < € and
¢s(y,a) < e} are open ball and closed ball in (X ¢5) respectively.

Example 1.4. [44] Let X = {1,2,3}. Define the function ¢; on X x X as gs(n,m) =
1/n? for all n > m, q(n,m) = 1 for n < m, and ¢(n,m) = 0, for n = m, with
(n,m) # (1,2) and ¢s(1,2) = 16/9. Then (X, ¢s) is a quasi b-metric space with
coefficient s = 2. It is neither a b-metric space since ¢5(1,2) = 16/9 # ¢s(2,1) = 1/4
, nor a quasi metric space since ¢s(1,2) = 16/9 > 10/9 = ¢4(1,3) + ¢(3,2).

Beg et al. [16] introduced the notion of left (right) K -Cauchy sequence and left
(right) K-sequentially complete spaces.

Definition 1.5. [16] Let (X, ¢s) be a quasi b-metric space.

(a) A sequence {a,} in (X,qs) is called left (right) K-Cauchy if for every € > 0,
there exists ng € N such that gs (am,a,) < e (respectively gs (an,a,) < ¢€) for
all m > n > ny.

(b) A sequence {a,} in (X, ¢5) converges to a, if lim,, o gs (an, a) = lim,,_, s (a, a,)
= 0. In this case, the point a is called a limit of the sequence {a,}.

(c) (X,qs) is called left (right) K -sequentially complete if every left (right) K -

Cauchy sequence in (X ¢s) converges to a point a € X.

Definition 1.6. [47] Let (X, g5) be a quasi b-metric space. Let K be a non empty
subset of X and let a € X. An element yy, € K is called a best approximation in K,
if
qs(a, K) = qs(a,yo), where ¢s(a, K) = inf {qs(a,y), y € K},
and ¢,(K,a) = qs(yo,a), where ¢5(K,a) =inf{qs(y,a), y € K}.

If each @ € X has at least one best approximation in K, then K is called a proximinal
set. We denote by P(X), the set of all proximinal subsets of X.

Definition 1.7. [47] The function H,, : P(X) x P(X) — [0, 00), defined by
H, (A, B) = max {supqs(x7 B), supgs(A, y)} ,
€A yeB

is called quasi Hausdorff b-metric on P(X). Also (P(X), H,,) is known as quasi

Hausdorftf b-metric space.
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Lemma 1.8. [47] Let (X, qs) be a quasi b-metric space. Let (P(X), H,,) be a quasi
Hausdorff b-metric space on P(X). Then, for all A, B € P(X) and for each a € A,
there exists b, € B such that H, (A, B) > qs(a,b,) and H, (B, A) > qs(bs,a), where
¢s(a, B) = ¢s(a,ba) and qs(B, a) = qs(ba, a)

Definition 1.9. Let X be a non empty set, s > 1 and ps : X x X — [0, 400)
be a mapping. Let M C X, define p! (z, M) = inf {p; (z,a) ,a € M} and p% (M, y)
= inf {ps (b,y),b € M} .

Definition 1.10. Let €2 be the family of all strictly increasing functions F' : R, — R,
that is for all z,y € Ry, if z <y, then F(x) < F(y).

2. Main results

Let (X,qs) be a quasi b-metric space, ap € X and S,7 : X — P(X) be
the multivalued mappings on X. Let a; € Say such that g¢s(ag, Sag) = gs(ag,a)
and ¢s(Sag,ap) = gs(ai,ap). Now, for a; € X, there exists as € Ta; such that
qs(ar, Tay) = qs(a1,az) and q4(Tay,a1) = gs(az, ar). Continuing this process, we con-
struct a sequence {a, } of points in X such that ag, 1 € Sag,, and ag,2 € Tag, 1 with
qs(a2n, Sazn) = qs(a2n, G2ni1), qs(Saon, a2n) = qs(a2nt1, a2n) and qg(aony1, Tagni1) =
qs(aoni1, aonie), qs(Tazni1,@ons1) = qs(@onia, aznr1). We denote this iterative se-

quence by {T'S(a,)} and say that {T'S(a,)} is a sequence in X generated by ay.

Definition 2.1. Let (X, g5, s) be a left K-sequentially complete quasi b-metric space,
ps : X x X — [0,400) and S,T : X — P(X) be two multivalued mappings. The
pair (S,7) is called F' — s — p% contraction on the intersection of an open ball and
a sequence if u, € U, F € Q, a0 € X, r,7 > 0, a,y € By (ap,7) N {TS (an)},
p: (Sy.y) = s, p; (a,5a) > s, gs(a, Ty) + gs(y, Sa) # 0 and
max{Hq, (Sa, Ty), Hy, (Ty, Sa), Qs(a,y), Qs(y,a)} > 0, then

(2.1) 7+ max{F (Hy, (Sa,Ty)), F (Hy, (Ty, 5a))} < F (s (Qs (a,9))) ,

where

Q. (a.y) = max {qs (a,9) 4 (a, Sa).

qs (a, 5a) qs (a, Ty) + qs (y, Ty) qs (y, Sa) }
qs(a, Ty) + qs(y, Sa) '

Also, if ¢s(a, Ty) + ¢s(y, Sa) = 0, then

max{Hy, (Sa,Ty),H,, (Ty,Sa),Qs(a,y),Qs(y,a)} = 0.

Moreover,

(2.2) - s [max { g1l (s (a1, a0)) , 2t (s (a0, a1)) }] <, for all j € NU{0}.



FIXED POINT RESULTS 161

Theorem 2.2. Let (X, qs,s) be a left K-sequentially complete quasi b-metric space,
ps: X X X = [0,400), S,T : X — P(X) and (S,T) be F — us — pt contraction on
open ball. Suppose that the following assumptions hold:

(i) If a € By, (ao,7),
(a) pi(a,Sa) > s, gs(a,Sa) =qs(a,y) and

¢s (Sa,a) = qs(y,a) implies p; (Sy,y) > s,

(b) p; (Sa,a) > s, qs(a,Ta) = qs(a,y) and
qs (Ta,a) = gqs(y,a) implies p% (y, Sy) > s.
(ii) The set G(S) ={a: p:(a,Sa) > s and a € By, (ag,r)} is closed and contains ag.

Then the subsequence {as,} of {TS (a,)} is a sequence in G (S) and {az,} —
a* € G(S) and qs (a*,a*) = 0. Also, if inequality (2.1) holds for a*. Then T and S
have a common fized point a* in By, (ag,T).

Proof. Consider the sequence {T'S (a,)} generated by ay. By assumption (ii), G (.5)
contains ag, therefore p¥ (ag, Sag) > s and ag € B, (ap, ). Then there exists a; € Say
such that gs (ag, Sap) = gs (ag,a1) and ¢s (Sag, ap) = ¢s (a1, ap) . From condition (i)
pi(Say,ar) > s. By (2.2), we have
J
max {g; (a1, a0) , s (a0, a1)} <> s [max {41t (s (a1, a0)) . 41l (g (a0, a1)) }] < 7.
i=0

That is g5 (a1, a0) < 7, and ¢ (ag, a1) < r. Hence a; € By, (aop,r). Also
qs (a1, Tar) = gs (a1, a2) and g5 (Tar,a1) = gs (ag, ar) -

As p%(Say,ay) > s, so from assumption (i), we have p¥ (ag, Sas) > s. Now, by Lemma
1.8, we have

(2.3) qs(agi, aziv1) < Hy (Tagi—1,S02;), qs(agi1,a2) < Hy (Sag, Tagi—1)
and

(2.4) qs(@2i41, A2i42) < Hy (Sagi, Taziv1), qs(aize, aziv1) < Hy (Tagii1, Sag).
By the triangle inequality, we have

(2.5) qs (a0, az) < sqs (ao, ar) + qs (a1, az)] .

By using (2.4), we have

T+ F(qs (a1,a2)) <7+ F (H,, (Sap, Tay)),

(2.6) T4 F (g5 (a1,a2)) < 7+ max{F (H,, (Sap, Tayr)),F (H,, (Tay,Say))}.
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Now, let ag;, asi11 be two consecutive elements of the sequence {T'S (a,)}. Clearly,
if

maX{H S(Sa/QilyTCLQi’-‘rl)?HqS (Tazi/+1, Sa2i’)7Qs(a2i’;a2i’+1)a Qs(a2i’+17a2i’) #0,
for some i € NU {0}, or if gs(agi, Tagi11) + gs(agit1, Sagy) = 0, then

HQS(Sa’2i/7 Tagyi1) = Hqs(Ta%/—I—la Sagi) = Qs(a2ir, agir1) = Qs(aiy1, agi) = 0.

If Qs(agi, agri1) = 0, then gy(agi, agiy1) = 0. Also, if Qs(agii1,a2¢) = 0, then
gs(agirg1,a2¢) = 0 50, agy41 = a9y and agy € Sagy. Now, Hy (Sagy,Tasi1) = 0
implies gs(agir41, Tazy11) = 0 and Hy (Tagy1, Sagy) = 0 implies qy(T'agi41, air1) =
0. So, agyy1 € Tagyy1 and hence agy is a common fixed point of S and 7. So, the

proof is done. Now, suppose

max{H,, (Sag;, Tasit1), Hy, (Tasis1, Saz;), Qs(agi, azit1), Qs(agi+1, az)} > 0,

and gs(ag;, Tagit1) + qs(agiy1, Sag;) # 0 for all i € {0} UN. As ag,a; € By, (ag,r) N
{T'S (an)}, pt(Sai,a1) > s, and pt (ag, Sag) > s, by using (2.1) in (2.6), we have

T+ (g (a1, a2)) = F (s (Q, (a0, a1)))

= F (:us (max {qs (a07 al) E (a07 al) )
gs (a0, a1) gs (a0, T'ar) + g5 (a1, a2) (0)
ow e a—0)
= F(us (g5 (ag, ar))) -

Since F' is strictly increasing and 7 > 0, g5 (a1, az) < ps (¢s (ao, a1)). Now, inequality
(2.5)

qs (ao, a2) < s[gs (ao,a1) + ps (gs (a0, ar))]
< s [max {qs (a1, ao) » Qs (a07 al)}]

+s [max { s (g5 (a1, a0)) , s (¢s (a0, a1))}]

IN

1
Z s [maX {/fs (s (a1, a0)) , 115 (gs (ao, al))}} < T
i=0

Now, by using (2.4), we have

T+ F(gs (az,a1)) < 7+ F(H, (Tay,Say))
< 74+ max{F (H, (Tay,Say)),F (H, (Sap,Tar))}.

As ay, a9 € By (ap, ) N {TS (an)}, pk(ag, Sap) > s and p% (Say,ar) > s, by (2.1), we
have

T+ F (% (CLQ, al)) < F (/LS (Qs (a07 al))) < F (/LS (QS <a07 al))) :

Since [ is strictly increasing and 7 > 0,

qs (CL?? al) < Us (max {qS (alv aO) ) Qs (aOv al)}) :
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Now, by the triangle inequality

d(asz,ap) < Z sttt [maX {/ﬂs (qs (a1, a0)) , 1t (s (ao, al))}} <.

It follows that, gs (ag,az) < r and ¢ (ag, ag) < r. So ag € By, (ap,r). Also

qs (a27 Saz) = (s (02, az) and ¢ (SGQ, Cl2) = (s (Cl:s, @2) .

As p¥ (ag, Saz) > s, so from assumption (i), we have p% (Sas,as) > s. Let a3, ...a; €
qu(al()?r)? and P: (a07sa0) Z S, p: (Sa'hal) Z S, p: (CLQ,SCLQ) Z S, ;0: (Sa?na?)) Z
S, -+, pr(Saji1,a541) > s, for some j € N, where j = 21, ¢ = 1,2,3, ,% Now by

using (2.3), we have

T+ F (g5 (agi, a9i41)) < 7+ F(H,, (Tagi—1,5as))
< 7+ max {F (Hqs (Tagi_l, SQQZ')) ,F (Hqs (S(ZQi, T(lgi_l))} .

As agi—1,a9 € qu(aoﬂ’) N {TS (an)}7 Py (a2i75a2i) > 8, Py (Sa2i—1;a2i—1) > s and
maX{H‘]s(TGQi—laSaQi);Hqs(SCLQi;Ta%—l)7Qs(a2i—17a2i)7Qs(a2iaa2z‘—1)} > 0, then by
(2.1), we have

IN

F(,U/s (Qs (a2i; CL22;1)))

< F(ps (max{qs (agi, a2i—1) , qs (a2, ait1)

s (@i, agiv1) (0) + g5 (agi—1, azi) gs (agi—1, Sas;) }))

0+ gs (agi—1, Sag)
= F (Hs (max{qs (@2i> a2i71) ) Qs (G% a2i+1) y Qs (a22’71> a2i)})) .

T+ F (qs (agi, azit1))

If max{qs (a% azzel) » Qs (a% a2¢+1) » Qs (azzel, am’)} = (s (am‘, Gzi+1) , then
T+ F (qs (agi, agiv1)) < F (us (s (agi, a2i41)))

which implies s (ag;, agit1) < s (¢s (a2i, a2i+1)) < s (gs (a2;, agiy1)) . This is contra-
diction to the fact sus (t) < t, so max{qs (as;, asi—1),qs (a2, agit1),qs (agi—1,a2)} #

qs (@i, ai41) . Therefore, we have

T+ F(qs (ai, agit1)) < F(ps (max {qs (azi—1,a2i) ; @s (a2i, a2i-1)})) -
Since [ is strictly increasing and 7 > 0,
(2.7) qs (@23, agiy1) < max {p, (qs (azi—1,a2:)) s fts (qs (azi; azi—1))} -
Now, by (2.4), we have

T+ F (g (a2i-1, a2:)) <7+ F (Hg, (Sagi—2, Tazi—1))

S T+ F (max {Hqs (SCLQZ'_Q, T(lgi_l) ,Hqs (T(lgi_l, Sagi_2>}) .
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AS asi_1,asi—5 € By (ao,r) N{TSa,}, pt(Sasi—1,as-1) > s, pt(azi_2, Sazi_2) > s
and max{Hy, (Sazi—g, Tazi—1), Hy, (Tagi—1, Sagi—), Qs(azi—2, azi-1), Qs(agi-1, azi—2) >
0, by (2.1), we have

7+ F (g5 (agi—1, %))

F(/vbs (Qs(a2i—27 a2i—1)))

= F(ps (max{gs (a2i—2,a2i-1) , gs (azi-2, azi-1) , ¢s (a2i-2, a2i-1)}))

IA

= F (,us (C]s ((121'—27 a2i—l))) .
Since [ is strictly increasing and 7 > 0,
s <a2i—17 a2i) < Usg (qs (CL2¢—2, a2i—1)) .

s (agi—1,a2;) < ps (max {Cls (a9i-1,02;-2) , qs (a2;i—2, a2i—1)}) .

As s is non decreasing function, so
(2.8) ths (s (ai—1, az;)) < max {Mi (qs (agi—1, azi—2)) aﬂg (qs (azi—o, aziq))} :
Now, by (2.4), we have
T+ F(qs (agi, agi—1)) < 7+ F (Hy, (T'azi—1, Sazi—2))
<7+ F(max{H,, (Sagi—2,Tas_1),H,, (Tas_1, a2 _2)}).
By (2.1), we have
T+ F(qs (a2, a2i-1)) < Fps (Qs(agi—2, azi-1)))
= F (s (qs (azi-2,a2i-1))) -
Since F' is strictly increasing and 7 > 0,
qs (@2, azi—1) < s (qs (ai—2, a2i-1)),
qs (a2i, agi—1) < s (max {qs (agi—1, a2i—2) , ¢s (@2i-2, a2i-1)}) -
As pu, is non decreasing function, so
(2.9) fhs (s (ags, az;i—1)) < max {Mi (qs (@2i—1, a2i—2)) aM? (qs (agi—2, a2i—1))} .
Now, By (2.8) and (2.9), we have

max { s (qs (ai—1, @) ; frs (¢s (@2i, a2i-1))}
(2.10) < max {,ui (qs (a2i-1, azi—2)) , pi2 (qs (azi—2, a2i—1))} -
By (2.10) and (2.7), we have

(2.11) qs (a2i, agiy1) < max {u? (qs (agi—1,az;i—2)) ,/ﬁi (qs (agi—a, a2ifl))} .
Now, by using (2.3), we have

T+ F (gs(azi—a,a2i-1)) < 7+ F (Hy, (Tagi—3, Sazi_s))



FIXED POINT RESULTS 165
S T + max {F (H(Zs (Tagz',g, Sagifg)) y F (HIIs (Sagifg, Tagifg))} .

As agi_3, a2 € By (ag,r) N{TSa,}, pi(Sagi—3,a2-3) > s, pi(agi—2,Saz_2) > s
and max{H S<Sa2i—2aTa2i—1)qus (Ta2i—1aSaQi—Q))Qs(QQi—Qaazi—l)aQs(a2i—1aa2i—2) >
0, by (2.1), we have

T+ F (qs(azi—2, azi—1))
< Fps (Qs(azi—2, ai-3)))
= F(ps (max{qs (a2i—2, a2i-3) , qs (agi—2, azi—1) , Gs (2i—3, a2i—2)}))
= F(ps (max {qs (a2, a2i-3) , s (a2i-3, a2i-2)})) ,
which implies that

qs(am’fz, a2i71) < Ms(maX {qs (G2i72, @21'73) 7q5(a2i—3, a2i72)})7

(2.12) Mi%(am’ﬂ, agi—1) < ui’(max {gs(agi—3, a2i—2), qs(a2i—2, az;i—3)}).
Now, by using (2.3), we have
T+ F (¢s(agi—1,a2i—2)) < 7+ F (Hy, (Sagi—2, Tasi—3))
<7+ max {F (H, (Tag_3,Sas—2)), F (H, (Sazi—2,Tas—3))} -

As agi_3, a2 € By (ag,r) N{TSa,}, pi(Sagi_3,a2-3) > s, pi(agi—2,Saz_2) > s
and max{H,, (Sagi_o, Tasi—1), Hy, (Tagi—1, Sa2—2), Qs(a2i—2,a2-1), Qs(agi—1, azi—2) >
0, by (2.1), we have

T+ F (qs(azzq7 &2172)) < F(Ms (Qs(@%*% a2i73)))

=F (,us (max {Cls (fl%—z, a2i—3) y ds (@21‘—2, aZi—l) » Qs (a2i—37 a2i—2)})) .

Now, by using (2.12), we have

qs(agi—2,a2i-1) < pg(max{qs (azi—2,a2i3),qs(ai3,a2:2)})
< sps(max {gs (agi—2, azi—3) , ¢s(a2i—3, azi—2)})
< max{qs (azi2,a2-3),qs(a2i3, a2 2)} .
Therefore, max {qs (agi—2, a2i3) ; Gs (a2i—2, a2i—1) , @5 (@2i—3, agi—2)} = max {qs (agi—2, a2;3) , Gs(a2i—3, agi
T+ F(qs(agi—1, a2i—2)) < F (s (max {qs (agi—2, agi—3) , ¢s (@23, a2i—2)})) ,

which implies that

QS(a2i71; Clzz‘fz) < ,us(max {qs <a2i727 a2i73> 7(13((121'—3, a2i72)})7

(2.13) 12qs(azi—1, azi—2) < pd(max {gs(ani—s, asi—2), gs(azi—2, azi—3)}).

Now, By (2.12) and (2.13), we have

max {ngs(azi—z, agi-1), N§QS(a2i—17 a?i—Q)}
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(2.14) < pi(max {qs(agi—3, azi—2), ¢s(a2i—2, azi—3)}).
By (2.14) and (2.11), we have
(2.15) qs(agi, azit1) < max {Mg(qS(azi—s, a2i-2)), Ng(Qs(a%—% a2i—3))} .
Following the patterns of inequalities (2.7), (2.11) and (2.15), we have
qs(a2i, azir1) < max {12 (qs(ao, a1)), 13" (gs(a1, a)) } -
As j =21, so
(2.16) gs(aj, aj41) < max {1l (gs(ao, ar)), ph(gs(ar, ag)) } -
Now, by using (2.3), we have
T+ F (qs(agit1,a2)) <7+ F(H, (Sag, Tas_1))
<7+ max{F (Hy (Tagi_1,Sas)), F (Hy (Sa, Taz—1))}

As ag;i—1,a9; € By (ag,r) N{TS (an)}, pi(a, Sax) > s, pi(Sagi-1,a2-1) > s and
maX{H S(Ta2i—17Sa?i)aHqs(Sa%,T@Qi—l)?Qs(a2i—1>a2i)aQs(a2iaa2i—1)} > 0, by (2-1),
we have

T+ F (qs(agiy1, azi))
< F(ps (Qs(a2i, azi-1)))
= F (,Us (maX{qs (am', a2i71) » Qs (am', G2i+1) » s (a2¢f1, G2i)})) .
By inequality (2.7), we have
7+ F (qs(agi1, ai)) < F (s (max {qs (agi—1, a2i) , s (azi, azi—1)})) -
Now,
(2.17) s (agit1, ag;) < max {p, (qs(azi—1,a2)) , ps(qs(azi, azi—1)} .
Now, by (2.10) and (2.17), we have
(2.18) qs(agit1, az) < max {Mz(%(am—l, azi-2)), Ng(%(a%—z, a?i—l))} .
Now, by (2.14) and (2.18), we have
(2.19) qs(agit1, az) < max {Mi(%(a%—s, azi-2)), Ng(%(azi—z, a2¢—3))} .
Following the patterns of inequalities (2.17), (2.18) and (2.19), we have
gs(anis1, az) < max {p2(qs(ao, a1)), 12 (qs(a, ag)) } -
As j =21, so

(2'20) QS(aj+17 aj) < max {Mg(QS(CLO’ al))a Mg(QS(ala ao))} :
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Now, if j = 2i—1, then inequalities (2.16) and (2.20) can be obtained by using similar
arguments. Now, by using the triangle inequality, (2.16) and (2.2), we have

IA

qs (@0, aj41) sqs (ag, a1) + 5% (ay,a2) + ...+ s7qq (aj_1,a;) + s7q, (a;,a;41)

IN

sqs (ag,ar) + ... + 8 qs (aj_1, ;) + 87 qs (aj,a41)

A

5(s (a07 al) + S2M5Qs ((10, a’l) +...+ SjHPJng ((Io, al)

> st max {41} (¢ (a1, a0)) , i (qs (a0, a1))}] < 7.

=0

A

Similarly, by using the triangle inequality, (2.20) and (2.2), we have

qs (aj11, ag) < Z s [max {415 (g5 (a1, a0)) , 415 (g5 (a0, a1)) }] <,

gs (a0, aj1) < and gs (a1, a0) <7

It follows that a;+1 € By, (ao, 7). Also pk (Sajt1,a541) > s, s (@41, Taji1) = qs (@41, aj42)
and g5 (Tajt1,aj41) = ¢s (@42, aj4+1) , so from assumption (i), we have p¥ (a;42, Sa;i2) >
s. Now, if as, ...a; € By, (ao,7), and pf (ag, Sag) > s, pi (Sai,a1) > s, pi (Sag,ag) > s,

-y pi(apgr, Sapy) > s, for some | € N, where [ = 2i+ 1,7 = 1,2,3, .. , then
similarly we obtain a;41 € By, (ao,r) and p} (Saj12,ai42) > s. Hence by mathemat—
ical induction a,, € By, (ao,7), pi(agm, Saz,) > s and pk (Sagn+1,a2,41) > s for all
n € NU{0}. Also, ag, € G(5). Now inequalities (2.16) and (2.20) can be written as

(2.21) Gs (an, anyr) < max{pg (qs (a1, a0)), 4 (¢s (a0, a1))}

(2'22) qs (@nJrla an) < max {:u? (q8 (ala ao)) mu? (qS (a(]? al))} )

for all n € N. As > % sul(t) < +oo, the series

“+oo

Z s ¥ (max {,ui_l (s (a1, a0)) , 1" (gs (ao, al))})

w=1
converges for each e € N. As sy (t) < t, so

w“ﬂ?“ (max {Ms (s (a1, a0)) ,ui‘l (qs (ao, a1))})
< s (max (S (g, (a1, a0)) 1S (g5 (a0, 1)) }), for all w € N.

So for fix € > 0 there exists ki (¢) € N such that

ZSJ (max {7 (g5 (a1, a0)) , 1517 (g5 (a0, a1))}) < e
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Let m,k,p € N with m > k > k; (¢), then

qs (ak) am) = (s (aku ak—i—p)

IN

5qs (g, Qpy1) + 82 (Qpyrs Qpy2) + o+ 8°Gs (Qpip_1, Qrrp)
< sy (max {(qs (a1, a0)) , (g5 (a0, @1))})
+s%pg ™ (max {(gs (a1, a0)) , (45 (a0, a1))})
+o 4 PP (max {(gs (a1, a0)) , (g5 (a0, a1))})
= spsmax { ! (g5 (a1, a0)) , 7 (g5 (ao, a1))} +
s?p2 max {8 (g5 (a1, a0)) , 157" (g5 (a0, ar)) }
o sP b max { T (g (a1, a0)) s 5" (g5 (a0, a1)) }

< Zsj maX{Ns (qs (a1,a0))7ﬂl§71 (g (ao,al))})

< ZS% (max {7 (g5 (a1,0)) 1O (g5 (a0, @) }) < e

Thus we proved that {T'S (a,)} is a left K - Cauchy sequence in (X, ¢q). As (X, q) is
left K sequentially complete, so {T'S (a,)} — a* € X and
(2.23) lim gs(ap,a”) = lim ¢s(a*, a,) = 0.

n—oo n—o0

As {ag,} is a subsequence of {T'S (a,)}, so as, — a*. Also, {as,} is a sequence in
G(S) and G(S) is closed, so a* € G(S) and therefore

(2.24) pi(a*,Sa*) > s

Now, we show that a* is a fixed point for S. We claim that g, (a*, Sa*) = ¢5 (Sa*,a*) =

0. On contrary, we assume that ¢s (a*, Sa*) > 0. Now

(2.25) gs (a”, Sa”) < s(qs (a*, azny2) + gs (azni2, Sa”)).

Then there exists ng € N such that ¢s (agn12, Sa*) > 0 for all n > ny. By Lemma 1.8,
0 < gs (agn+a, Sa*) < Hy (Tagpy1, Sa™), so

maX{H s (Ta2n+17 Sa*) ) Hqs(Sa*a Ta2n+1)7 Qs(a2n+17 CL*), QS(a*a a2n+1) > 07
for all n > ng. By Lemma 1.8, we get

T+ F (g5 (agny2,50")) < 7+ F(H, (Tagm41,5a"))
< 74+ max{F (Hy (Sa*, Tasnt1)), F (Hy, (Taznt1, 5a"))}.

By assumption, inequality (2.1) holds for a*. Also p% (a*, Sa*) > s and p% (Sagni1, G2ni1) >
s, then by (2.1), we have

T+ F (qS (a2n+2a Sa*)) S F(Ms (Qs(a*a a2n+1)))'
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Since F' is strictly increasing, we have
qs (@any2, Sa”) < ps (Qs(a”, agny1)) -

Taking limit as n — oo, on both sides of above inequality, we get

(2.26) lim g (agn42,Sa") < Tim g (Qs(a®, asmy1)) -
Now,
Qs(a*a a2n+l) = max {QS (a*, a2n+l) y ds (a*a Sa*) s

gs (a*, Sa*) qs (a*, Tagni1) + s (aans1, Taoni1) gs (agny1, Sa*) }
qs (a*a Ta2n+1) + gs (a2n+1a SCL*)

< max {qs (a*, &2n+1) ) Qs (a*a Sa*) )
gs (a*, Sa*) qs (a*, agni2) + s (@2n+1, A2n+2) @s (Q2n41, Sa™) }
qs (a*: Ta2n+1> + s (a2n+1> Sa*) .

Taking limit as n — oo on both side above inequality, we get

lim (Qs(a*a a2n+1)) < qs (CL*7 SCL*) :

n—oo
Now, inequality (2.26) implies
nlLIEOQS (a2n+2, Sa”) < ps (gs (a”, Sa%)).

Taking limit as n — oo on both sides of inequality (2.25) and using the above in-
equality, we have

gs (a*, Sa") < sps(gs (a*,Sa")) .

As spug (t) < t, so our assumption is wrong and ¢, (a*, Sa*) = 0. Now, assume that
qs(Sa*,a*) > 0, then there exists n; € N such that ¢s(Sa*, ag,.2) > 0 for all n > n;.
By Lemma 1.8, 0 < g, (Sa*, agny2) < Hy (Sa*, Tag,41), so

maX{H s (Ta’2n+17 SCL*) ) HqS(SCL*7 Ta2n+1)7 Qs(a'2n+17 CL*), Qs<a*, a/2n+1) > 07

for all n > ny. Asinequality (2.1) holds for a*, pf (a*, Sa*) > s and p¥ (Sagnt1, Gont1) >
s, by Lemma 1.8 and (2.1), we have

T+ F(qs (Sa*, agny2)) < Fus (Qs(a”, azni1)))-

Since F' is strictly increasing, we have

qs (SCL*, a2n+2) < Hs (Qs(a*a a2n+1)) .

Taking limit as n — oo, on both sides, we have

lim qs (Sa*, a2n+2) < lim s (QS(CL*, a2n+1))
n—00 n—00

< gs(a*,Sa*) =0.
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This is a contradiction, so ¢s(Sa*,a*) = 0. Hence a* € Sa*. As pf (a*,Sa*) > s and
gs (a*, Sa*) = qs (Sa*,a*) = ¢ (a*, a*), then assumption (i) implies that

pi(Sa*,a*) > s.

Now, we show that a* is a fixed point for T'. We claim that ¢, (a*, Ta*) = qs (T'a*,a*) =
0. On contrary, we assume that g (a*,Ta*) > 0 then there exists ny € N such
that ¢s(agni1,Ta*) > 0 for all n > ny. By Lemma 1.8, 0 < ¢ (agny1,Ta*) <
H,, (Sas,,Ta*), so

max{H,, (Sas,,Ta"),H, (Ta*,Sas,), Qs(az,,a”), Qs(a*, as,) > 0,
for all n > ny. Now By Lemma 1.8 and (2.1), we get
T+ F (qs (agny1, Ta*)) < 7+ F (H,, (Sag,, Ta"))
< 74+ max{F (H, (Sag,,Ta")),F (H, (Ta*, Sas,))}.

As inequality (2.1) holds for a*, p% (agn, Sas,) > s and p (Sa*,a*) > s, by (2.1), we
have

T+ F(qs (azn41, Ta")) < F(ps (Qs(a2n, a%))).
Since F' is strictly increasing, we have

s (agns1, Ta™) < ps (Qs(agn, a®)).

Taking limit n — oo, on both sides of above inequality, we get

lim ¢ (agny1, Ta*) < lim ps (Qs(agn, a*)) = 0.
n—oo

n—oo
This is a contradiction, so ¢s(a*, Ta*) = 0. Now assume that ¢s(T'a*,a*) > 0, then
there exists n3 € N such that ¢s(Ta*,as,+1) > 0 for all n > n3. By Lemma 1.8,
0 < gqs(Ta*, aznt1) < Hy (Ta*, Sasy,), so

max{H,, (Sas,,Ta"),H, (Ta*,Sas,), Qs(az,,a”), Qs(a*, az,) > 0,
for all n > n3. Following similar arguments as above, we obtain
lim QS<TG*7 a2n+1) <0.
n—oo

So, qs(T'a*,a*) = 0. Hence a* € Ta*. Hence, the pair (S,T') has a common fixed point
a* in By (ag,T). O

Example 2.3. Let X = [0,00) . Define ¢, : X x X — [0,00) by ¢, (z,y) = (z + 2y)°,
if © # y and ¢s(x,y) = 0 if z = y. Then (X, qs) is a left (right) K -sequentially
complate quasi b-metric with s = 2. Let R be the binary relation on X defined by

1 1
= : 1, —, —, ...
R = {@Diae 01 gt

o]

Vel L L
) TS 195 3105 [
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Consider j,, a function on [0, 00) defined by p, (t) = 2. Define the pair of multivalued

8
mappings 7,5 : X — P (X) be
Tx:{[[gﬂ, ﬁxemﬂ)’sx:{[{gh it z € [0, 1]

423 2% + 5], if v € (1,00 27, if x € (1,00)

Define p: X x X — [0,00) as follows:

p(x,y):{Z if (z,y)eR

otherwise

=

1 1
A = : Py > 2} = 1, ===, ... 7.
{iL‘ P2 (x,Sx) = } {Oa ) 257 625’ }
1 1 1
B = o > 2} = = Ty e
Let o = 1 and r = 49, then B, (x,r) = [0, 3). Now,
G(S) = {z:p5(x,Sx) >2and x € B, (zor)}

1 1
= 1, — —— .
{0’ ' 257 625 }

Clearly G(S) is closed and contains z,. So, condition (ii) of Theorem 2.2 is satisfied.
Now, as z—t € By, (20,7), for all n € N

1 1 1 1
sl To) = s ; :
q (5n71 5n71) q (57171 5 % 5n71)

and 11 1 1
T—\—)= :
qs( -1’ 5n—1) qs([5 % §n—1’ 5n—1>
As p" (s, S5ir) 2 2, for all m € {1,3,5,..}. S0 p* (S, 5gr) > 2, for all

n € {1,3,5,...}. Also, p* (55737175%1) > 2, foralln € {2,4,6,...}. Then p* (5><51”*17S5><51"*1) >
2, foralln € {2,4,6,...}. Also, 0 € B, (o, ), ¢s(0,70) = ¢5(0,0), ¢;(70,0) = ¢5(0,0).

As p* (0,50) > 2 if and only if p* (50,0) > 2. So, condition (i) of Theorem 2.2 is sat-

isfied. Now, for all z,y € B, (zo,7) N{XTx,} with p} (Sy,y) > 2, p} (z,Sz) > 2. In

general, if x,y € B, (zo,r), p* (x,Sz) > s and p* (Sy,y) > s, then

1 1
- 571,—17 Y= 5m—17

T

where n is positive odd integer and m is positive even integer. Define the function
F:R" — Rby F(z) =In(z) and 7 € (0, %5). After some calculations, it can easily be
proved that (S,7) is a F' — ps — p% contraction on open ball. Thus, all the conditions

of Theorem 2.2 are satisfied. Moreover, T" and S have a common fixed point 0.

Theorem 2.4. Let (X,d) be a metric space and S, T : X — X be the self mappings,

suppose the following conditions satisfy:

(i) the set G ={a € a: p(a,Sa) > 1} is closed and non-empty,
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(i) there exists a function p € V such that for every (a,y) € X x X, p(a, Sa) > 1,
p(Sy,y) = 1 implies d(Sa, Ty) < p(d(a,y)),

(iii) for every a € X, we have p(a,Sa) > 1 implies p(Ta,STa) > 1, and
p(Sa,a) > 1 implies p (STa,Ta) > 1.

Then for any ag € G, the Picard sequence {T™ay} converges to some a* € X and

*

a* is a common fixed point of T and S.

Remark 2.5. By taking non-empty proper subsets of Qs (a, y) instead of Qs (a,y) in

Theorem 2.2, we can obtain six different new results.

Remark 2.6. Results in right K-sequentially complete quasi b-metric spaces can be

obtained in a similar way.

3. Fixed point results for graphic I’ — u, — pi contractions in quasi

b-metric spaces

Consistent with Jachymski [28], let (X, ¢s) be a quasi b-metric space and denotes
the diagonal of the Cartesian product X x X. Consider a directed graph G such that
the set V(G) of its vertices coincides with X and the set F(G) of its edges contains
all loops, i.e, E(G) 2 A. We assume G has no parallel edges, so we can identify G
with the pair (V(G), E(G)). Moreover, we may treat G as a weighted graph [28], by
assigning to each edge the distance between its vertices. If x and y are vertices in a
graph G, then a path in G from z to y of length m(m € N) is a sequence {x;}", of
m + 1 vertices such that zy = z, x,, = y and (z,-1,2,) € E(G) for i = 1,....m. A

graph G is connected if there is a path between any two vertices.

Definition 3.1. Let (X, ¢5) be a quasi b-metric space endowed with a graph G and
S, T : X — P(X) be multivalued mappings. The pair (S,7T) is called F' — pus—
graphic contraction on the intersection of an open ball and a sequence if u, € U,
FeQ xyeX,r,m>0,z,y € By (vo,7) N{TS (zn)}, {(z,v) € E(G) : v € Sz} and
{(u,y) € E(G) :u € Sy}, qs(x, Ty)+4¢s(y, Sz) # 0 and max{Hy, (Sz, Ty), Hy, (T'y, Sx), Qs(z, y), Qs(y, 1
0, then
(i).
(3.1) T+ max{F (Hy, (S, Ty)), F (Hy, (Ty, Sx))} < F (ps (s (2,9))),
and if ¢s(z, Ty) + qs(y, Sx) = 0, then

maX{HqS (SZL’,Ty) ) H(Js (Ty7 SCL’) ) Qs(x7y)7 Qs(ywr)} = 0

.

(32) : Si—H [maX {:U’; (QS (1’1, xO)) 7“2 (QS (IO, xl))}} <, for all j eNU {0} :
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Theorem 3.2. Let (X,qs) be a left K sequentially complete quasi b-metric space
endowed with graph G, r > 0, zy € By, (xo,7) and (S,T) be a F — ps— graphic
contraction on the intersection of an open ball and a sequence. Suppose that the
following assumptions hold:

(1) If x € By, (zo,7), (a) {(z,v) € E(G):v e Sz}, q5(z,5c) = ¢s(z,y) and
qs (Sz,x) = qs (y,z), then {(u,y) € E(G) :u € Sy}.

(b) {(v,z) € E(G):v e Sz}, q(x,Tx) = qs(x,y) and qs(Tz,x) = q5(y,z),
then {(y,u) € E(G) : u € Sy}.

(11) The set A(S) = {x : (z,v) € E(G) for allv € Sz and x € B,,(zo,r)} is closed

and contained xg.

Then the subsequence {xa,} of {T'S (x,)} is a sequence in G (S) and {x9,} —
x* € G(S). Also, if inequality (3.1) holds for x*. Then T and S have a common fized

point x* in By, (zo, 7).

Proof. Define p: X x X — [0,00) by p(z,v) = s, for all v € Sz, and x € B, (zo,7) N
{TS (x,)} with {(xz,v) € E(G):v € Sz}. Also p(u,y) = s, for all v € Sy, and
y € By, (vo,r) N{TS (z,)} with {(u,y) € E(G) : uw € Sy}. Moreover p(z,y) = 0,
otherwise. Now, as (5,7 is a F' — pus— graphic contraction. So inequality (3.1)
implies inequality (2.1). Inequality (3.2) implies inequality (2.2). Assumption (i) of
Theorem 3.2 implies assumption (i) of Theorem 2.2 and assumption (ii) of Theorem
3.2 implies assumption (ii) of Theorem 2.2. So, all conditions of Theorem 2.2 are
satisfied. Hence the subsequence {xs,} of {T'S (z,)} is a sequence in A (S), for all
n € NU{0} and {x9,} — z* € A(s). Also, if inequality (3.1) holds for x*, then
inequality (2.1) holds for z*. Hence all conditions of Theorem 2.2 are satisfied. Then

T and S have a common fixed point «* in By, (xo,r). O

Theorem 3.3. Let (X,d) be a complete metric space endowed with graph G and
S, T : X — X be two self mappings. Suppose that the following assumptions hold:

(i) there exists a function p € ¥ such that for every (z,y) € X x X, (z,Sz) €
E(G), (5y,y) € E(G) = d(Sz,Ty) < p(d(z,y))

(i) if (x,Sx) € E(G), then (Tx,STz) € E(G) and if (Sx,x) € E(G), then
(STz,Tx) € E(G).

(iii) The set G(S) ={z: (z,5z) € E(G)} is closed and non-empty.

Then T and S have a common fixed point x* in X.

Ran and Reurings [39] extended the Banach contraction principle in partially
ordered sets. We will deduce very easily various fixed point results on a complete left
(right) K sequentially quasi b-metric space endowed with a partial order. Now, we

have the following results.
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Theorem 3.4. Let (X, <) be a partial order set and (X, qs) be a complete left (right)
K sequentially quasi b-metric space. Let r > 0, xy € X and S,T : X — P(X) be
the mappings on By, (xg,r) and suppose there exist a function us € VU and a strictly
increasing mapping F satisfying the following:
(i). forall (z,y) € By, (xo,r) TS (x,)} with Sy =y and x = Sz, if max{H,, (Sz,Ty), H, (Ty, Sx), Q.
0 and qs(x, Ty) + ¢s(y, Sx) # 0, we have

7+ max{F (Hy, (S, Ty)), F (Hy, (Ty, 5))} < F (s (Qs (2,9)))

where,

qs (2, Sx) qs (2, Ty) + qs (y, Ty) g5 (y, Sx) }
s (T,y) = ma s (T,1),qs (x,ST), .
@ (#.y) X{q (#,9),4: ( ) qs(z, Ty) + qs(y, Sx)
If gs(x, Ty) + qs(y, Sx) = 0, then

max{H,, (Sz,Ty),H, (Ty,Sz),Qs(z,y),Qs(y,x)} = 0.

.. . .
(i1). > s [max {plqs (v, w0) , piqs (zo,x1)}] <7, for all j € N U{0}.
i=0
(il). If @ € By, (20,7), (a) x 2 Sz, ¢, (x,57) = ¢ (z,y) and qs(Sz,2) = ¢ (y, )
implies Sy < y.
(b) Sx 2z, qs (x,Tx) = qs (x,y) and qs (Tx,x) = qs (y, x) implies y = Sy.
(iv). The set G(S) ={x :x =X Sx and x € B, (x,7)} is closed and contained x.

Then the subsequence {xa,} of {T'S (x,)} is a sequence in G (S) and {x2,} — z* €
G(S). Also, if assumption (i) holds for x*. Then T and S have a common fized point

x* in By, (zo,1).

Proof. Define p : X x X — [0,00), by p(x,v) = s, for all v € Sz, where x €
B, (xo,r) N{TS (x,)} with x = Sz. Also p(u,y) = s, for all u € Sy, where y €
B, (xo,r) N{TS (x,)} with y > Sy. Moreover p (z,y) = 0, otherwise. It is easy to
see that assumptions (i), (ii), (iii) and (iv) of Theorem 3.4 imply inequality (2.1),
inequality (2.2), assumption (i) and assumption (ii) of Theorem 2.2 respectively. So,
all conditions of Theorem 2.2 are satisfied. Hence the subsequence {3, } of {T'S (z,)}
is a sequence in G (5), for all n € N U{0} and a sequence {z3,} — z* € G(s). Also,
if assumption (i) holds for z*, then inequality (2.1) holds for z*. Then 7" and S have

a common fixed point z* in B, (zo, 7). O

Theorem 3.5. Theorem 3.5 Let (X, =<,d) be an ordered metric space and S,T :
X — X be the self mappings, suppose the following conditions hold:

(i) the set G = {x € X : x < Sz} is closed and non-empty,
(ii) there exists a function p € ¥ such that for every (z,y) € X x X, x < Sz, y = Sy
= d(Sz,Ty) < p(d(z,y)),
(iii) for every x € X, we have v =X Sx = Tx = STx, v = Sx = Tx X STx.
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Then for any xo € G, the Picard sequence {T"xy} converges to some x* € X and x*

1s a common fized point.

4. Application to system of integral equations

Let S, T : X — X be two self mappings and zy € X. Let z; = Sxqg, 29 = Txq,

x3 = Sy and so on. In this way, we construct a sequence {x,} in X such that
Tj4+1 = SLEQZ' and Toj42 = T:CQ/L'+1, (Where 1= O, 1, 2, . )
We say that {T'S(z,)} is a sequence in X generated by x.

Definition 4.1. Let (X, q,) be a left (right) K -sequentially complete quasi b-metric

space and S, T : X — X be two self mappings. The pair (S, T) is called a F' — s con-

traction, if there exist F' € Fg, 7,a > 0, z,y € X, max{qs (Sx, Ty) ,qs (Ty, Sz), Qs (z,y),Qs (v,y)} >
0 and gs(x, Ty) + ¢s(y, Sx) # 0, then

(4.1) 7+ max{F (g (Sz, Ty)), I (g5 (T'y, Sz))} < F (us (Qs (2,9))) ,
and if ¢s(z, Ty) + ¢s(y, Sx) = 0, then

max{q, (S, Ty),qs (Ty, Sr), Qs (x,y),Qs (x,y)} > 0,

where

(4.2)

Q. (z,y) = max< ¢, (z,9), ¢ (x, S7) qs (2, 57) g5 (x, Ty) + ¢s (v, T'y) 45 (y, S7) }

qs(x, Ty) + qs(y, S7)

Then we deduce the following main result.

Theorem 4.2. Let (X, qs) be a left (right) K-sequentially complete quasi b metric
space with constant s > 1 and (S,T) be a F — ps contraction. Then {TS(x,) — x* €
X. Also, if x* satisfies (4.1), then S and T have a unique common fized point x* in
X.

Proof. Now, we have to prove uniqueness only. Let u be another common fixed point
of S, T. If max{qs(Su,Tz*), qs(Tx*, Su), Qs (x*,u) , Qs (w,x*)} # 0, or if ¢5(z*, Tu) +
qs(u, Sx*) = 0, then ¢,(Su,Tz*) = 0 and ¢4(Tx*, Su) = 0, which further implies
qs (u,x*) = ¢s(z*,u) = 0 and hence v = z*. Now, suppose ¢ (z*,u) > 0, then
max{qs(Su, Tz*), qs(Tz*, Su), Qs (x*,u) , Qs (u,x*)} > 0 and gs(z*, Tu)+qs(u, Sx*) #

0 . Then, we have
T+ F (q;(Su, Tz*)) < 7+ max{F (¢;(Su,Tz")),F (qs(Tx*, Su))}
F (s (Qs (27, u))) -

IA

This implies that
0 (1, 7%) < py (q5(u, 2%)) < spy (5(u, 7))
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which is contradiction. Then, we get g (u, *) = 0. Similarly we obtain ¢, (z*,u) = 0.

Hence z* = . OJ

Now, as an application, we discuss the application of Theorem 4.2 to find solution
of the system of Volterra type integral equations. Consider the following integral

equations:

(4.3) u(t) = / Ky(t, 5, u(s))ds,

(4.4) o(t) = / Kolt, 5, 0(s))ds

0
for all t € [0,1]. We find the solution of (4.3) and (4.4). Let X = C([0,1],R})

be the set of all continuous functions on [0, 1], endowed with the complete a left
(right) K-sequentially quasi b-metric. For v € C([0,1],R,), define supremum norm
as: ||ull; = sup {(u(t)) e"™}, where 7 > 0 is taken arbitrary. Then define

t€[0,1]

G- (u,v) = Lil[ép”{(u(t) + QU(t))e—rt}] = |ju + 2v||2

for all w,v € C([0,1],R,), with these settings, (C([0,1],R,),q,) becomes a quasi

b-metric space.

Now we prove the following theorem to ensure the existence of solution of integral

equations.

Theorem 4.3. Assume that K1, K3 : [0,1] x [0,1] x Ry — R,. Define

Su(t) = / Ka(t, 5, u(s))ds,

To(t) = /KQ(t,S7U(S))dS.

Suppose there exists T > 0, such that
TM(u,v)e™

(4.5)  max{Ki(t,s,u) + 2K5(t, s,v), Ko(t, s,v) + 2K, (t,s,u)} < M) 11

for allt,s € [0,1] and u,v € C([0,1],R), where

[+ 20|, |lu+ 2Sul|*,
M (u,v) = p, | max llu+2Sul?|[u+2Tv||>+ |v+2Tv||2 | v+2Su| |2 :

lut-2T || % +||v+25ul|?

Then integral equations (4.3) and (4.4) have a unique common solution.



FIXED POINT RESULTS 177

Proof. By assumption (ii)

|max{Su + 2Tv, Tv + 2Su}|
t
= max /(Kl(t s,u) + 2Ks(t, s,v ds,/ (Ks(t,s,v) + 2K, (t, s,u))ds
0

0
t

TM (u,v)

< ————€"d
/TM(U,U)+16 °
0

¢
TM (u,v)
< TN TSd

TM(u,v)Jrl/e *
0

TM(u,v)(e™ — 1)

S 27v, T 25
|max{Su + 2Tv, Tv + 2Su}| < M) 1)

_ M (u,v)e™
TM(u,v) + 1’
M
|max{Su + 2Tv, Tv + 2Su}|e™™ < #,
M (u,v)
Su+2Tv,Tv+ 25 < .
fma(Su+ 270, T+ 250}, < e

This implies
TM (u,v) + 1 - 1
M (u,v) |lmax{Su+ 2Tv, Tv 4 2Su}||.

That is
1 1

M (u, U) ||max{Su + 2Tv, Tv + 2Su}|,’

T+

which further implies

1 —1
- <
||max{Su + 2Tv, Tv + 2Su}||, M(u,v)’
—1 —1 —1

< —.
T e Tu 250 < M(u,0)

So all the conditions of Theorem 4.3 are satisfied for F\(v) = \_/—117, v >0 and ¢, (u,v) =
|lu+ 2v||?. Hence integral equations given in (4.3) and (4.4) have a unique common

solution. O

5. Application to functional equations

In this section, we derive an application for the solution of a functional equation

arising in dynamic programming. Consider U and V two Banach spaces, P C U,
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@ CV and
f: PxQ—P
gu : PxQ—R
M,N : PxQ@QxR—=R.
For further results on dynamic programming, we refer to [7, 18, 19, 38]. Suppose that

P and @ represent the state and decision spaces, respectively. The problem related

to dynamic programming is reduced to solve the following functional equations:

(5.1) p(y) = ilelg{g(% ) + M(y, o, p(f(7,a)))},
(5.2) q(v) = 228{“(% @) + N(v,a,q(f(7, )},

for v € P. We ensure the existence and uniqueness of a common and bounded solution
of Equations (5.1) and (5.2). Suppose B(P) is the set of all bounded real valued
functions on P. Consider,

(5.3) dy(h,k) = |h — k|°, = gggm(v) — k()

for all h, k € B(P). Then (B(P),d;) is a quasi b-metric space. Assume that
(C1): M,N,g, and u are bounded.
(C2): For vy € P, h € B(P), S,T : B(P) — B(P), take

(5.4) Sh(vy) = ilelg{g(% a) + My, o, h(f(7,a)))},
(5.5) Th(vy) = itelg{U(% a) + N(v,a,h(f(v,@)))}.

Moreover, for every (y,a) € P x Q, h,k € B(P),t € P and 7 > 0,
(5.6) M (3,0, h(8)) — N(3, 0 k(t)] < D(h, k)e™

where,

\h(t) — k(1) |h(t) — Sh(t)]?,
D(h, k) = pis | MaX §  h() - Sh)[h(t)— TP +k® -ThOP KO -SAOP (| -
|1 (6)—Th(t) P+ k(t)—Sh(1)

Theorem 5.1. Assume that the conditions (C1), (C2) and (5.6) hold. Then Equa-

tions (5.1) and (5.2) have a unique common and bounded solution in B(P).

Proof. Take any A > 0. By using definition of supremum in equation (5.4) and (5.5),
there exist hy, hy € B(P), and a1, s € @ such that

(5.7) (Shy) < g(v,a1) + M (v, a1, hi(f(7, 1)) + A,

(5.8) (Tha) < g(v,a2) + N(v, a2, ha(f(7, a2))) + A.
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Again using definition of supremum, we have

(5.9) (Sh1) > g(v, @) + M (v, az, ha (f(7, a2))),

(5.10) (Thy) > g(v, 1) + N(7, a1, ha(f (7, a1))).

Then equations (5.7), (5.10) and (5.6) imply

(Sh1)(y) — (Th2)(7)

My, a1, ha(f(v, 1)) = N(v, a1, hao(f(7, 1)) + A

| M (v, o1, ha(f (v, 1)) = N(vs s ha(f (7, 1)) + A
< D(hk)e™™ + A

IN

IN

Since, A > 0 is arbitrary, we get

|Shy(7y) — Tha(v)]
e” [Shi(7y) — Tha(v)]

A IA
o O
=
&
Q
4

This further implies,
T+ 1n[Shi(y) — Tha(vy)| < In(D(h, k).

Therefore, all requirements of Theorem 4.1 hold for F(g) =1Ing; g > 0 and d,(h, k) =
|h — k||? . Thus, there exists a common fixed point h* € B(W) of S and T, that is,

h*(7y) is a unique common solution of equations (5.1) and (5.2). O

6. Conclusion

In the present paper, we have introduced I’ — p1s — p} contractive condition on a
sequence contained in an open ball to ensure the existence of a fixed point for a pair of
multivalued mappings. A weaker class € of strictly increasing mappings is used rather
than the class of mappings used by Wardowski [49]. Example is given to demonstrate
the variety of our results. Fixed point results with graphic contractions for a pair
of multivalued mappings are established. Results endowed with a partial order have
been obtained. Two different types of applications on Voltera type nonlinear integral
inclusions and dynamical process are presented. Moreover, we investigate our results
in a better framework of quasi b-metric spaces. New results in ordered spaces, b
-metric space, quasi metric space and metric space can be obtained as corollaries of

our results.
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