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a b s t r a c t 

Differential invariants for linear and nonlinear ordinary and partial differential equations have been de- 

rived using Lie infinitesimal method. These invariants help in reducing differential equations to their 

simplest possible solvable forms through invertible transformations of the dependent and independent 

variables. Here we derive differential invariants for a class of systems of two second order nonlinear 

parabolic type partial differential equations. Deduced invariants are shown to reveal solvable forms of 

these systems of PDEs that are much simpler than the considered general systems of nonlinear parabolic 

type PDEs. 
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. Introduction 

Lie infinitesimal method is one of the most efficient methods 

hich can be applied to any class of differential equations [ 1 , 2 ].

his method was originated by Norwegian mathematician Sophus 

ie [3] in 1870s. He formulate the theory of continuous groups 

amed as Lie groups . Lie group method is extensively used in vari- 

us fields of mathematics, physics, mechanics and applied sciences 

o solve linear and nonlinear problems developed in terms of dif- 

erential equations. The basic aim of Lie group analysis is to get 

ne or several parameters of local continuous group of transfor- 

ations on the space of dependent and independent variables that 

eave differential equations invariant and thereafter utilize them to 

cquire reductions and the so-called similarity solutions through 

ifferential invariants [4–7] . 

Invariants of a differential equation are mathematical expres- 

ions written in terms of its coefficients, while differential in- 

ariants are those that also involve derivatives of the coefficients. 

quivalence transformations play an essential role in finding in- 

ariants. A transformation that preserves form of a differential 

quation is named as an equivalence transformation. The set of 

ll equivalence transformations for a differential equation makes 

 continuous group. The technique to determine the set of equiva- 
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E-mail address: shiqiuhong@zjhu.edu.cn (Q.-H. Shi). 

p

d

c

ttps://doi.org/10.1016/j.chaos.2021.111107 

960-0779/© 2021 Elsevier Ltd. All rights reserved. 
ence transformations for a differential equation is known as Lie in- 

nitesimal method . Lie introduced the theory of differential invari- 

nts and later on Ovsiannikov [8] and Ibragimov [ 9 , 10 ] systemati-

ally developed infinitesimal method to calculate invariants of the 

lgebraic and differential equations. Joint invariants are those dif- 

erential invariants that are derived under transformations of both 

he dependent and independent variables while those that are de- 

uced under transformation of only the dependent or independent 

ariables are known as semi invariants. Ibragimov derived semi in- 

ariants for the linear elliptic, hyperbolic and parabolic PDEs under 

ransformations of only the dependent variable [11] . 

In this paper we consider a system of two second order nonlin- 

ar parabolic type PDEs 

 m 

+ a ( m, s, w, v ) w ss + b ( m, s, w, v , w s , v s ) = 0 , 

 m 

+ c ( m, s, w, v ) v ss + d ( m, s, w, v , w s , v s ) = 0 , 
(1) 

here m, and s, in subscript denote partial derivatives, e.g, w m 

= 

∂w 

∂m 

, v ss = 

∂ 2 v 
∂ s 2 

, . Coefficients a, b, c, d are arbitrary and smooth func- 

ions of their arguments. We apply Lie infinitesimal method to 

onstruct the set of equivalence transformations for (1) , which en- 

bles derivation of the associated differential invariants. As an ap- 

lication of the obtained invariants we provide a few examples to 

emonstrate the claimed reductions using transformations of de- 

endent, independent and only the dependent variables. 

The outline of this paper is as follows. Second section is on 

erivation of the equivalence transformations associated with the 

onsidered systems. Subsequent two sections are on deduction of 

https://doi.org/10.1016/j.chaos.2021.111107
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2021.111107&domain=pdf
mailto:shiqiuhong@zjhu.edu.cn
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he joint and semi differential invariants for systems of parabolic 

ype PDEs. Conclusion is given in the last section. 

. Equivalence transformations 

An equivalence transformation of (1) is an invertible mapping 

f the dependent and independent variables which transforms 

1) into itself. Lie infinitesimal method engages the following oper- 

tor [11] : 

 = ξ1 
∂ 

∂m 

+ ξ2 
∂ 

∂s 
+ η1 

∂ 

∂w 

+ η2 
∂ 

∂v 
+ μ1 

∂ 

∂a 
+ μ2 

∂ 

∂b 

+ μ3 
∂ 

∂c 
+ μ4 

∂ 

∂d 
, (2) 

o provide the set of equivalence transformations for (1) , 

here ξk = ξk ( m, s, w, v ) , ηk = ηk ( m, s, w, v ) , μl = 

l ( m, s, w, v , w s , v s , a, b, c, d ) for k = 1 , 2 , l = 1 , 2 , 3 , 4 .

or system (1) , second order prolongation of the above generator 

s needed that reads as [11] : 

 

[ 2 ] = X + ηm 

1 

∂ 

∂ w m 

+ ηm 

2 

∂ 

∂ v m 

+ ηs 
1 

∂ 

∂ w s 
+ ηs 

2 

∂ 

∂ v s 

+ ηss 
1 

∂ 

∂ w ss 
+ ηss 

2 

∂ 

∂ v ss 
, (3) 

here 

m 

1 = D m 

( η1 ) − w m 

D m 

( ξ1 ) − w s D m 

( ξ2 ) , 

m 

2 = D m 

( η2 ) − v m 

D m 

( ξ1 ) − v s D m 

( ξ2 ) , 

s 
1 = D s ( η1 ) − w m 

D s ( ξ1 ) − w s D s ( ξ2 ) , 

s 
2 = D s ( η2 ) − v m 

D s ( ξ1 ) − v s D s ( ξ2 ) , 

ss 
1 = D s ( η

s 
1 ) − w ms D s ( ξ1 ) − w ss D s ( ξ2 ) , 

ss 
2 = D s ( η

s 
2 ) − v ms D s ( ξ1 ) − v ss D s ( ξ2 ) , 

ith 

 m 

= 

∂ 

∂m 

+ w m 

∂ 

∂w 

+ v m 

∂ 

∂v 
+ w mm 

∂ 

∂ w m 

+ v mm 

∂ 

∂ v m 

+ . . . , 

D s = 

∂ 

∂s 
+ w s 

∂ 

∂w 

+ v s 
∂ 

∂v 
+ w ss 

∂ 

∂ w s 
+ v ss 

∂ 

∂ v s 
+ . . . . . 

(4) 

Lie invariance condition for system (1) is 

X 

[ 2 ] ( w m 

+ a w ss + b ) | ( 1 ) = 0 , 

X 

[ 2 ] ( v m 

+ c v ss + d ) | ( 1 ) = 0 . 
(5) 

Applying second order prolonged generator (3) on system (1) , 

ives 

m 

1 + aηss 
1 + μ1 w ss + μ2 | ( 1 ) = 0 , (6) 

ηm 

2 + cηss 
2 + μ3 v ss + μ4 | ( 1 ) = 0 . (7) 

Inserting ηm 

1 
, ηm 

2 
, ηss 

1 
, ηss 

2 
, from above expressions and 

 m 

, v m 

, from system (1) in (6) and (7) we obtain two equa- 

ions gives in appendix. After simplification coefficients of w ms , in 

ppendix A provides 

1 ,s + v s ξ1 , v + w s ξ1 ,w 

= 0 , (8) 

hich on further comparing coefficients of w s , and v s , yields 

ξ1 ,s = ξ1 ,w 

= ξ1 , v = 0 . (9) 
2 
Likewise, coefficients of w ss v s , w ss w s , and v ss in 

ppendix A and w ss in Appendix B implies 

2 , v = 0 , ξ2 ,w 

= 0 , η1 , v = 0 , η2 ,w 

= 0 , (10) 

espectively. Equations in (9) and (10) lead to the following in- 

nitesimal coordinates 

ξ1 := ξ1 ( m ) , ξ2 := ξ2 ( m, s ) , η1 := η1 ( m, s, w ) , η2 := η2 ( m, s, v ) .
(11) 

Using (11) in Appendix A and B , reduces them to 

w 

2 
s η1 ,ww 

+ 2 a w s η1 ,sw 

+ a η1 ,ss − a w s ξ2 ,ss − b η1 ,w 

− w s ξ2 ,m 

+ η1 ,m 

−2 a w ss ξ2 ,s + a w ss ξ1 ,m 

+ b ξ1 ,m 

+ μ1 w ss + μ2 = 0 , (12) 

v 2 s η2 , vv + 2 c v s η2 ,s v + c η2 ,ss − c v s ξ2 ,ss − d η2 , v − v s ξ2 ,m 

+ η2 ,m 

−2 c v ss ξ2 ,s + c v ss ξ1 ,m 

+ d ξ1 ,m 

+ μ3 v ss + μ4 = 0 . (13) 

Now coefficients of w ss and remaining terms in (12) as well as 

he coefficients of v ss and other terms in (13) provide 

1 = 2 a ξ2 ,s − a ξ1 ,m 

, 

2 = a w s ξ2 ,ss + b η1 ,w 

+ w s ξ2 ,m 

− aw 

2 
s η1 ,ww 

− η1 ,m 

− 2 a w s η1 ,sw 

−a η1 ,ss − b ξ1 ,m 

, 

3 = 2 c ξ2 ,s − c ξ1 ,m 

, 

4 = c v s ξ2 ,ss + d η2 , v + v s ξ2 ,m 

− cv 2 s η2 , vv − η2 ,m 

− 2 c v s η2 ,s v 

−c η2 ,ss − d ξ1 ,m 

. 

(14) 

All components in (11) and (14) constitute the set of equiva- 

ence transformations for (1) , that will be engaged in the following 

ection to derive invariants. 

. Joint differential invariants 

In this section joint differential invariants for system (1) are 

erived under transformations of both the dependent and in- 

ependent variables. Firstly, zeroth order invariants are inves- 

igated through the invariance criterion X J( m, s, w, v , a, b, c, d ) = 

 , where X, is the operator given in (2) along with the 

oordinates (11) and (14) . The given invariance test leads 

o an equation in Appendix C and equating coefficients of 

1 , ξ2 , η1 , η2 , η1 ,m 

, η2 ,m 

, in said equation to zero implies 

 m 

= J s = J w 

= J v = J b = J d = 0 . (15) 

ence, J = J( a, c ) . Further, the terms with ξ1 ,m 

, ξ2 ,s provide the fol-

owing equations 

a J a − c J c = 0 , 2 a J a + 2 c J c = 0 , (16)

fter solving above system of equations we get one zeroth order 

nvariant, i.e., J 1 = 

c 
a . For derivation of first order differential in- 

ariants one has to consider the following invariance criterion 

 

[ 1 ] J 
(
m, s, w, v , a, b, c, d, a i , b j , c i , d j 

)
= 0 , i ∈ { m, s, w, v } , j ∈ { m, s, w, v , w s , v s } . (17) 

ere X 

[1] , denotes first extension of X , that is obtainable from the 

ormula 

X 

[ 1 ] = X + μ1 ,i 

∂ 

∂ a i 
+ μ2 , j 

∂ 

∂ b j 
+ μ3 ,i 

∂ 

∂ c i 
+ μ4 , j 

∂ 

∂ d j 
. (18) 

Notice that here the first extension of (2) is different from the 

ne obtained earlier to derive equivalence transformations for (1) . 

here the extensions were with respect to ηk ’s and here they are 

ccording to μ ’s, for k = 1 , 2 , and l = 1 , 2 , 3 , 4 , respectively, to act
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n partial derivatives of the arbitrary coefficients appearing in sys- 

em (1) . In above equation μ1 ,i , μ2 , j , μ3 ,i , μ4 , j are expressed as 

μ1 ,i = 

˜ D i ( μ1 ) − a m ̃

 D i ( ξ1 ) − a s ̃  D i ( ξ2 ) − a w ̃

 D i ( η1 ) − a v ̃  D i ( η2 ) , 

2 , j = 

˜ D j ( μ2 ) − b m ̃

 D j ( ξ1 ) − b s ̃  D j ( ξ2 ) − b w ̃

 D j ( η1 ) − b v ̃  D j ( η2 ) 

−b w s ̃
 D j 

(
ηs 

1 

)
− b v s ̃  D j 

(
ηs 

2 

)
, 

μ3 ,i = 

˜ D i ( μ3 ) − c m ̃

 D i ( ξ1 ) − c s ̃  D i ( ξ2 ) − c w ̃

 D i ( η1 ) − c v ̃  D i ( η2 ) , 

4 , j = 

˜ D j ( μ4 ) − d m ̃

 D j ( ξ1 ) − d s ̃  D j ( ξ2 ) − d w ̃

 D j ( η1 ) − d v ̃  D j ( η2 ) 

−d w s ̃
 D j 

(
ηs 

1 

)
− d v s ̃  D j 

(
ηs 

2 

)
, 

(19) 

ince i ⊂ j, therefore ˜ D i ⊂ ˜ D j and generally total derivative operator 

s defined by 

˜ 
 j = 

∂ 

∂ j 
+ a i 

∂ 

∂a 
+ a i,i 

∂ 

∂ a i 
+ · · · + b j 

∂ 

∂b 
+ b j, j 

∂ 

∂ b j 
+ . . . + c i 

∂ 

∂c 

+ c i,i 
∂ 

∂ c i 
+ . . . + d j 

∂ 

∂d 
+ d j, j 

∂ 

∂ d j 
+ . . . . (20) 

Upon equating to zero the terms with 

1 , ξ2 , η1 , η2 , η1 ,mm 

, η1 ,sss , η1 ,www 

, η2 ,mm 

, η2 ,sss , η2 , vvv , and sim- 

lifying we get 

J m 

= J s = J w 

= J v = J b m = J b s = J b w = J d m = J d s = J d v = 0 , (21) 

ence, J = J(a, b, c, d, a m 

, a s , a w 

, a v , b v , b w s , b v s , c m 

, c s , c w 

, c v , d w 

,

 w s , d v s ) . Now the terms with ξ1 ,m 

, ξ1 ,mm 

, ξ2 ,m 

, ξ2 ,s , ξ2 ,ms , ξ2 ,ss , η1 ,m 

,

1 ,s , η1 ,w 

, η1 ,ss , η1 ,sw 

, η1 ,ww 

, η2 ,m 

, η2 ,s , η2 , v , η2 ,ss , η2 ,s v , η2 , vv , leads to 

 system in Appendix D . After solving said system in MAPLE we 

et the following first order joint differential invariants along with 

 1 

J 2 = 

c w 

a w 

, J 3 = 

c v 

a v 
, J 4 = 

b v s a 
2 
w 

d w s 
a 2 v 

. (22) 

roposition 1. A system of two second order nonlinear parabolic 

ype PDEs (1) has one zeroth and three first order joint differential 

nvariants (22) . 

Applications: To illustrate the invariance criteria developed and 

orresponding reductions of systems of the form (1) we present 

he following examples. 

1 A coupled system of parabolic type PDEs 

 m 

+ 

(
s w 

2 + s v 
m 

)
w ss + 

(
s w 

2 + s v 
mw 

)
w 

2 
s + 

(
2 w 

2 − s + 2 v 
m 

)
w s = 0 ,

 m 

−
(

s 

m 

)
v s + 

(
2 w 

m 

)
w s + 

w 

2 

ms 
= 0 , 

(23) 

reduces to 

u t + ( u + c ) u xx = 0 , 

c t + u x = 0 , 
(24) 

by means of transformations 

m = t, s = 

x 

t 
, w = 

√ 

u 

x 
, v = 

c 

x 
. (25) 

The above mapping is possible because the joint invariants for 

(23) and (24) are same, i.e., 
J 1 = J 2 = J 3 = J 4 = 0 . (26) 

3 
2 Consider a nonlinear system of parabolic type PDEs 

 m 

+ 

(
sw v sin ( m ) 

m 

2 

)
w ss −

(
s 

m 

)
w s + 

(
s 

m sin ( m ) 

)
v s + w cot ( m )

+ 

(
v 

m sin ( m ) 

)
= 0 , 

 m 

−
(

1 

m 

2 

)
v ss + 

(
2 − s 2 m 

s m 

2 

)
v s + 

(
sin ( m ) 

ms 

)
w s + 

v 
m 

= 0 . 

(27) 

Joint invariants in this case are 

J 1 = 

1 

sw v sin ( m ) 
, J 2 = 0 , J 3 = 0 , J 4 = 

s 2 v 2 

( sin m ) 
2 
w 

2 
. (28) 

Eq. (27) can be mapped into 

 t + uc u xx + c x = 0 , 

 t + c xx + u x = 0 , 
(29) 

nder 

 = t, s = 

x 

t 
, w = 

u 

sin ( t ) 
, v = 

tc 

x 
. (30) 

Joint invariants for (29) are also same as obtained for (27) . 

. Both the following systems 

 m 

+ 

(
m 

2 w 

2 + 

m 

2 s 

v 

)
w ss + 

(
m 

2 w + 

m 

2 s 

w v 

)
w 

2 
s + 

(
s 

m 

)
w s 

−
(

ms 

2 w v 2 
)

v s + 

m 

2 wm 

= 0 , 

v m 

+ 

(
m 

2 s w 

2 

v 

)
v ss −

(
2 m 

2 s w 

2 

v 2 

)
v 2 s + 

(
s v + 2 m 

3 w 

2 

m v 

)
v s 

−
(

2 mw v 2 

s 

)
w s − v 

m 

= 0 , 

(31) 

nd 

 t + ( u + c ) u xx + c x = 0 , 

c t + uc c xx + u x = 0 , 
(32) 

re mappable into each other under invertible transformations 

 = t, s = tx, w = 

√ 

u , v = 

tx 

c 
. (33) 

Joint invariants for both of them read as 

J 1 = 

s w 

2 

w 

2 v + s 
, J 2 = 

s 

v 
, J 3 = w 

2 , J 4 = 1 , (34) 

 1 = 

uc 

u + c 
, J 2 = c, J 3 = u, J 4 = 1 , (35) 

hat are equal under transformation (33) . 

. Semi differential invariants 

In this section semi invariants associated with (1) are investi- 

ated under invertible transformation of only the dependent vari- 

ble. For the said derivation we consider ξ1 (m ) , ξ2 ( m, s ) , and

ll their derivatives equal to zero in the infinitesimal coordinates 

11) of (2) , i.e., we consider a subgroup of the group of equiva- 

ence transformations for (1) that can be written as an operator of 

he form 

 = η1 
∂ 

∂w 

+ η2 
∂ 

∂v 

+ 

(
b η1 ,w 

− aw 

2 
s η1 ,ww 

− η1 ,m 

− 2 a w s η1 ,sw 

− a η1 ,ss 

) ∂ 
∂b 
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d
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A

e
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G

+ 

(
d η2 , v − cv 2 s η2 , vv − η2 ,m 

− 2 c v s η2 ,s v − c η2 ,ss 

) ∂ 

∂d 
. (36) 

For a zeroth order invariant we insert the above generator in 

J( w, v , a, b, c, d ) = 0 , that gives the following determining equa- 

ion 

1 
∂ J 

∂w 

+ η2 
∂ J 

∂v 

+ 

(
b η1 ,w 

− aw 

2 
s η1 ,ww 

− η1 ,m 

− 2 a w s η1 ,sw 

− a η1 ,ss 

) ∂ J 

∂b 

+ 

(
d η2 , v − cv 2 s η2 , vv − η2 ,m 

− 2 c v s η2 ,s v − c η2 ,ss 

) ∂ J 

∂d 
= 0 . (37) 

Equating coefficients of η1 , η2 , η1 ,m 

, η2 ,m 

in the above equa- 

ion to zero provide 

 w 

= J v = J b = J d = 0 . (38) 

Solution of the above system provide 

J 5 = a, J 6 = c. (39) 

Further, we derive first order invariants by extending the gen- 

rator (36) according to (18) –(20) up to order one and employing 

t in the invariance criterion 

 

[ 1 ] J 
(
w, v , a, b, c, d, a i , b j , c i , d j 

)
= 0 , i ∈ { m, s, w, v } , 

j ∈ { m, s, w, v , w s , v s } . (40) 

In the resulting equation we equate the terms with η1 , η2 , and 

heir partial derivatives to zero to get the corresponding system of 

DEs. Solving the obtained system in MAPLE we get the following 

emi differential invariants along with J 5 and J 6 

J 7 = 

c w 

a w 

, J 8 = 

c v 

a v 
, J 9 = 

a v d w s 

a w 

, J 10 = 

a w 

b v s 
a v 

, 

 11 = 

1 

c d w s ( a w 

c v − a v c w 

) [
−2 ac 2 w 

( a v d − a m 

) + [ { ( 2 d c v − 2 c m 

) a w 

+ 2 a v c d w 

} a 
−a v c b w s 

d w s ] c w 

+ 2 c a w 

c v 
(

1 
2 

b w s 
d w s 

− a d w 

)]
, 

 12 = 

1 

a b v s ( a v c w 

− a w 

c v ) [
2 ca 2 v ( c w 

b − c m 

) + [ { ( −2 b a w 

+ 2 a m 

) c v − 2 a c w 

b v } c 
+ a c w 

d v s b v s ] a v − 2 a a w 

c v 
(

1 
2 

b v s d v s − c b v 
)]

, 

(41) 

rovided that a w 

, a v , b v s , c w 

, c v , d w s is not equal to zero. We thus

tate the following proposition. 

roposition 2. A system of two second order nonlinear parabolic 

ype PDEs (1) has two zeroth (39) and six first order semi differ- 

ntial invariants (41) . 

Applications: In this section a few application of the semi in- 

ariants are given to illustrate the reductions that can be achieved 

ia derived invariants. 

1 The following system of PDEs 

w m 

+ 

(
w 

2 s 
v 

)
w ss + 

(
ws 
v 

)
w 

2 
s −

(
s 

2 w v 2 
)
v s + 

1 
2 w v = 0 , 

v m 

+ 

(
w 

2 v + s 
v 

)
v ss −

(
2 w 

2 v +2 s 
v 2 

)
v 2 s + 

(
2 w 

2 v +2 s 
s v 

)
v s −

(
2 w v 2 

s 

)
w s = 0 , 

(42) 

with semi invariants 

J 5 = 

w 

2 s 
v , J 6 = 

(
w 

2 + 

s 
v 

)
, J 7 = 

v 
s 
, J 8 = 

1 
w 

2 , J 9 = 

w 

2 v 
s 

, 

J 10 = 

s 
w 

2 v , J 11 = 

2 w 

2 s w s 

( w 

2 v + s ) , J 12 = 

2 ( w 

2 v + s ) 
s 

v s , 
(43) 

can be mapped to 

u t + uc u xx + c x = 0 , 

c t + ( u + c ) v xx + u x = 0 , 
(44) 
4 
using invertible transformations 

m = t, s = x, w = 

√ 

u , v = 

x 

c 
. (45) 

Semi invariants for ( 44 ) are 

J 5 = uc, J 6 = u + c, J 7 = 

1 
c 
, J 8 = 

1 
u 
, J 9 = 

u 
c 
, 

J 10 = 

c 
u 
, J 11 = 

2 uc u x 
( u + c ) , J 12 = 

2 ( u + c ) 
c 

c x , 
(46) 

that are similar to semi invariants (42) under the given point 

transformations. 

2 A coupled system of parabolic type PDEs 

w m 

+ 

(
1+ w v 3 

w 

)
w ss −

(
2+2 w v 3 

w 

2 

)
w 

2 
s −

(
3 w 

2 v 2 
)
v s = 0 , 

v m 

+ 

(
v 3 
w 

)
v ss + 

(
2 v 2 
w 

)
v 2 s −

(
1 

3 w 

2 v 2 
)
w s = 0 , 

(47) 

an be mapped into 

 t + ( u + c ) u xx + c x = 0 , 

c t + uc c xx + u x = 0 , 
(48) 

sing 

 = t, s = x, w = 

1 

u 

, v = c 
1 
3 . (49) 

The semi invariants for (47) are 

 5 = 

1 
w 

+ v 3 , J 6 = 

v 3 
w 

, J 7 = v 3 , J 8 = 

1 
w 

, 

J 9 = J 10 = 1 , J 11 = 

(
2 + 2 w v 3 

)
w s , J 12 = 

2 v 3 
1+ w v 3 v s , 

(50) 

re same as of (48) under transformations (49) . 

. Conclusion 

Lie infinitesimal method is employed here to find the set of 

quivalence transformations and derive corresponding differential 

nvariants for a system of two nonlinear parabolic type PDEs un- 

er transformations of both the dependent, independent and only 

ependent variable. These invariants are shown to reduce the con- 

erned system into its reduced solvable forms via transformations 

f the dependent, independent and only dependent variables. An 

normous reduction in nonlinearities of the considered system is 

chieved with the derived invariants. 
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A

η  d ) ξ1 , v − ( a w ss + b ) 
2 ξ1 ,w 

− ( c v ss + d ) η1 , v + w s ( c v ss + d ) ξ2 , v 

2 ,w v + 2 v s ( a w ss + b ) ξ1 ,s v − w s v 2 s ξ2 , vv + 2 w s v s ( a w ss + b ) ξ1 ,w v + 2 v s η1 ,s v 
 

3 
s ξ2 ,ww 

− 2 w ms ξ1 ,s + w ss η1 ,w 

− 2 w ss ξ2 ,s + ( a w ss + b ) ξ1 ,ss + η1 ,ss 

 

+ v 2 s ( a w ss + b ) ξ1 , vv + w 

2 
s ( a w ss + b ) ξ1 ,ww 

+ v ss ( a w ss + b ) ξ1 , v 

A

η
 

2 ξ1 , v − ( c v ss + d ) ( a w ss + b ) ξ1 ,w 

− v s ξ2 ,m 

 

ξ2 ,sw 

− 2 v ms v s ξ1 , v + 2 v s ( c v ss + d ) ξ1 ,s v − 2 w s v ss ξ2 ,w 

− 2 w s v ms ξ1 ,w 

+ w ss ( c v ss + d ) ξ1 ,w 

+ v 2 s η2 , vv + v 2 s ( c v ss + d ) 

 v ss + d ) ξ1 ,ss − 2 v ss ξ2 ,s − v 3 s ξ2 , vv + v ss η2 , v − 2 v 2 s ξ2 ,s v + w 

2 
s η2 ,ww 

A

ξ  b η1 ,w 

+ w s ξ2 ,m 

− aw 

2 
s η1 ,ww 

− η1 ,m 

− 2 a w s η1 ,sw 

− a η1 ,ss − b ξ1 ,m 

)

2 ,m 

− 2 c v s η2 ,s v − c η2 ,ss − d ξ1 ,m 

) ∂ J 

∂d 
= 0 . 

A

− − a s J a s − c s J c s − a w 

J a w − c w 

J c w − d w 

J d w − a v J a v − b v J b v − c v J c v − d v s J d v s = 0 , 

−

J

b
 

J c s + 2 a w 

J a w + 2 c w 

J c w + 2 a v J a v + 2 c v J c v + d v s J d v s = 0 , 

2

a

−

a

b

−

−

−

−

−

ppendix A 

1 ,m 

− w s ξ2 ,m 

− ( a w ss + b ) η1 ,w 

+ ( a w ss + b ) ξ1 ,m 

− ( a w ss + b ) ( c v ss +
+ w s ( a w ss + b ) ξ2 ,w 

+ a 
[
2 w s v s η1 ,w v + w ss ( a w ss + b ) ξ1 ,w 

− 2 w 

2 
s v s ξ

+2 w s η1 ,sw 

− w s ξ2 ,ss − 2 w 

2 
s ξ2 ,sw 

+ v 2 s η1 , vv + v ss η1 , v + w 

2 
s η1 ,ww 

− w

−w s v ss ξ2 , v − 2 w ms v s ξ1 , v − 2 w ms w s ξ1 ,w 

− 2 w ss v s ξ2 , v − 3 w ss w s ξ2 ,w

+2 w s ( a w ss + b ) ξ1 ,sw 

− 2 w s v s ξ2 ,s v ] + μ1 w ss + μ2 = 0 

ppendix B 

2 ,m 

− ( c v ss + d ) η2 , v − ( a w ss + b ) η2 ,w 

+ ( c v ss + d ) ξ1 ,m 

+ ( c v ss + d )

+ v s ( c v ss + d ) ξ2 , v + v s ( a w ss + b ) ξ2 ,w 

+ c 

[ 2 w s v s η2 ,w v + 2 w s v s ( c v ss + d ) ξ1 ,w v + 2 v s η2 ,s v + 2 w s η2 ,sw 

− 2 w s v s
+ w 

2 
s ( c v ss + d ) ξ1 ,ww 

− w ss v s ξ2 ,w 

− 3 v s v ss ξ2 , v + 2 w s ( c v ss + d ) ξ1 ,sw 

ξ1 , vv − 2 w s v 2 s ξ2 ,w v − v s w 

2 
s ξ2 ,ww 

− 2 v ms ξ1 ,s + v ss ( c v ss + d ) ξ1 , v + ( c

+ w ss η2 ,w 

− v s ξ2 ,ss + η2 ,ss ] 

+ μ3 v ss + μ4 = 0 . 

ppendix C 

1 
∂ J 

∂m 

+ ξ2 
∂ J 

∂s 
+ η1 

∂ J 

∂w 

+ η2 
∂ J 

∂v 
+ ( 2 a ξ2 ,s − a ξ1 ,m 

) 
∂ J 

∂a 
+ 

(
a w s ξ2 ,ss +

∂ J 

∂b 
+ ( 2 c ξ2 ,s − c ξ1 ,m 

) 
∂ J 

∂c 
+ 

(
c v s ξ2 ,ss + d η2 , v + v s ξ2 ,m 

− cv 2 s η2 , vv − η

ppendix D 

b v s J b v s − d w s 
J d w s − b w s 

J b w s − a J a − b J b − c J c − d J d − 2 a m 

J a m − 2 c m 

J c m 

a J a m − c J c m = 0 , 

 b w s 
+ w s J b + v s J d − a s J a m − c s J c m + J d v s = 0 , 

 v s J b v s + d w s 
J d w s + b w s 

J b w s + 2 a J a + 2 c J c + 2 a m 

J a m + 2 c m 

J c m + a s J a s + c s

 a J a m + 2 c J c m = 0 , 

 J b w s + a w s J b + c v s J d + 2 a J a s + 2 c J c s + c w 

v s J d w + a v w s J b v + c J d v s = 0 , 

J b − a w 

J a m − c w 

J c m = 0 , 

 w 

J a s − c w 

J c s = 0 , 

 v s J b v s − d w s 
J d w s + b J b − a w 

J a w − c w 

J c w − d w 

J d w + b v J b v = 0 , 

a J b − a v J b v = 0 , 

2 a J b w s − 2 a w s J b − d w s 
J d w − 2 a v w s J b v = 0 , 

2 a w s J b w s − aw 

2 
s J b − d w s 

w s J d w − a v w 

2 
s J b v = 0 , 

J d − a v J a m − c v J c m = 0 , 

a v J a s − c v J c s = 0 , 
5 
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