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A B S T R A C T   

The thermal applications of nanofluids significantly improved the heat and mass transfer pattern 
which convey necessary role in many engineering and industrial zones. The consideration of 
nanofluids contributes many dynamic applications in the solar energy and thermal engineering 
problems. Moreover, the stability of nanofluids is enhanced perfectively with motile microor
ganisms which have applications in petroleum sciences, biofuels, bio-engineering, bio-medical, 
enzymes etc. This research determines the applications of bio-convection in Casson nanoliquid 
flow subject to the variable thermal conductivity and inertial forces. The Cattaneo–Christov re
lations are treated to modify the heat and concentration equations. The accelerated surface with 
sinusoidal type velocity induced the flow. The flow problem is formulated in terms of partial 
differential equations. The homotopic scheme is followed in order to suggest the analytical re
lations. After highlighting the convergence region, the graphical simulations with help of 
MATHEMAITCA are performed. The physical output is addressed in view of all flow parameters. 
The 3-D behavior of velocity, temperature, concentration and microorganisms is also addressed.   

1. Introduction 

Owing to the enhanced thermophysical characteristics of nanoparticles, scientists have engaged their special attention on this topic 
in recent times. With impressive thermal consequences, the nano-materials reflects significances in various phenomenon like cooling of 
devices, thermal transport systems, energy production, bio-medical sciences, chemical processes, fission and fusion reactions, nuclear 
technology etc. The idea of nanofluid brings a development in the era of thermal engineering and various industrial and engineering 
processes. With enhanced thermal mechanism, the nanofluid reflects pioneer attention of many scientists in this century. The nanofluid 
contains ultra high thermal features which make the versatile. The applications of nanofluid are comprehensively noted in the solar 
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systems, thermal transport processes, nuclear reactors, cooling of devices, technological involution, bio-engineering, medical sciences 
etc. The size of such particles is usually noted less than 10 nm. In health sciences, the nanoparticles are recently used to damage the 
cancerous cells and diagnosis of some diseases. Choi [1] reported the fundamental thermal prospective of nano-materials on the basis 
of experimental observations. The thermophoretic and Brownian factors in nanofluid were pointed out by Buongiorno [2]. Hashim [3] 
notified the thermal incorporation of GO-nanoparticles adjusted to the thin needle. Turkyilmazoglu [4] addressed the hydrodynamic 
analysis nanofluids in view of stability mechanism. The entropy generation pattern regarding the Carreau nanofluid was reported in 
the investigation of Khan et al. [5]. Hajizadeh et al. [6] utilized the nanofluids between two plates with vertical pattern to address the 
nanofluid properties. Khan et al. [7] intended the heat transfer observations in micropolar nanofluid flow. Majeed et al. [8] visualized 
the thermal improvement in babe liquid by using the Fe3O4 nanoparticles along with dipole applications. Ashraf et al. [9] presented 
insight thermal performances by using the nanoparticles in blood flow following the peristaltic transport. Khan et al. [9] enrolled the 
dominant contribution of activation energy in Carreau non-Newtonian nanoliquid. Khan and Alzahrani [10] examined the activation 
energy flow of nanofluid in presence of mixed convection features. The slip flow in presence of magneto-nanoparticles with 
radio-active applications was worked out by Bhatti et al. [11]. Nisar et al. [12] examined the thermal important of Eyring-Powell 
nanofluid subject to the radiation enrollment. Bhatti [13] inspected the thermal prospective of gold nanoparticles and claimed the 
applications in the nanomedicine. Elkhair et al. [14] addressed the hybrid nanofluid characteristics for peristaltic transport with 
magnetic force features. The thermal assessment of magnetic-nanoparticles with exponential temperature-dependent viscosity was 
examined by Shahid et al. [15]. Bhatti et al. [16] visualized the blood flow of nanofluids with microorganism. The bioconvection 
pattern in based on the impulsive transport of macroscopic fluids and observed as another devoted research area in bio-engineering 
and biotechnology. The pattern of bioconvection is accessed as multifaceted interaction of microorganisms at various physical scales. 
The locomotion of self objected microorganisms induced the bioconvection pattern. The microorganism pattern is considered as 
meso-scale phenomenon. The motion of nanoparticles is free of microorganisms swimming and thus, the interaction between 
nano-materials and bioconvection leads to the more fascinating microfluidic applications. Kuznetsov [17,18] pointed out the prime 
features and significant prospective of bioconvection. Uddin et al. [19] performed the computational analysis determining the bio
convection aspects of nano-materials with slip mechanism. Alwatban et al. [20] addressed numerically the aspects of Eyring-Powell 
nanofluid with microorganisms and activation energy relations. Khan et al. [21] claimed the bio-convective transport of thixo
tropic nanofluid with mixed convection phenomenon. The development of bio-convective pattern in optimized flow of nanoparticles 
with disk configuration was inspected by Khan et al. [22]. Song et al. [23] addressed the nanofluid thermal prospective in presence of 
microorganisms due to off centered disk. The bioconvection communication of micropolar nanofluid with slip utilization was 
determined by Khan et al. [24]. 

The essential applications of non-Newtonian materials in various era of science are comprehensively acknowledged. The novel 
aspects of non-Newtonian fluids are the complicated rheology and distinct features. The non-Newtonian fluids included contributions 
in many biologically liquids, cosmetics, lubrication applications, medicines, mining industries, processing processes etc. The properties 
of non-Newtonian fluids are essentially distinct when compare with other fluids. In order to understand the rheological prospective of 
non-Newtonian materials, scientists have claimed different non-Newtonian models. The Casson nanoliquid is one which use to 
examine the shear thinning prospective. The fluctuation in shear stress and yield stress results different shape of Casson liquid. The 
behavior of blood and ink is treated as Casson liquid [25–28]. 

Following to the dynamic applications of bioconvection of nanofluids, current flow address the Darcy-Forchheimer flow of Casson 
nanoliquid subject to the bioconvection application and variable thermal features. The summarized objective for performing the 
analysis is:  

➢ To examine the thermal transport of Casson nanoliquid containing the microorganisms.  
➢ The thermal conductivity of nanofluid is assumed to be variable nature to access the more enhanced transportation pattern.  
➢ The Cattaneo–Christov theory relations are followed to modify the heat and concentration equations.  
➢ The radiation phenomenon is taken into account and impact of Prandtl number and radiation parameter are addressed in terms of 

effective Prandtl approach.  
➢ A 3-D graphical analysis is performed for velocity, nanofluid temperature, concentration and microorganisms profile. 

2. Mathematical modeling 

A 2-D and unsteady flow pattern of Casson nanoliquid is assumed. The accelerated stretched surface induced the flow with si
nusoidal type velocity. The Casson nanoliquid contains the microorganisms. The thermal features of non-Newtonian (Casson) model 
are assessed by using the variable thermal conductivity relations. The porous space mechanism is inspected by using the Darcy- 
Forchheimer law. The activation energy enrollment is defined in the concentration equation. The magnetic force is normally 
imposed to the direction of flow pattern. The improved relations namely Cattaneo–Christov modifications are used in the concen
tration and energy equations. The nanofluid temperature is defined with T, concentration with C while microorganism is symbolized 
with N. The velocity components along the surface and normal to the surface are defined by u and v, respectively. The problem is 
modeled in terms of following equations: 

∂u
∂x

+
∂v
∂y

= 0, (1)  
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, (5)  

with time t , Casson fluid parameter A, fluid density ρf , gravity g, kinematic viscosity ν, nanoparticles density ρp, motile density ρm, 
electrical conductivity σ, volume expansion coefficient β*, magnetic field strength B, Forchheimer coefficient G = CF/x

̅̅̅̅̅
kp

√
, 

permeability parameter kp, thermal diffusivity αc, heat flux relaxation time δT , Stefan Boltzmann constant σr, Boltzmann constant kr, 
effective heat fluid capacity to base liquid heat capacity ratio Λτ = (ρc)p/(ρc)f , thermal flux relaxation time TC, swimming cells speed 
wn, diffusion constant DB, thermophoretic diffusion DT, mass flux relaxation time ϒC , reaction rate kr, rate constant n, activation 
energy Ea, chemotaxis constant bn and microorganisms diffusion constant Dm. 

The thermal conductivity associated with equation (3) is assumed as variable nature with following expressions: 

K(T)=K∞

(

1+ ε T − T∞

ΔT

)

, (6)  

with thermal dependence conductivity ε and ambient liquid conductivity K∞. 
For accelerated flow, the boundary conditions are: 

u= uω = bx sin ωt, v = 0, ​ T = Tw, ​ C = Cw,N = Nw at y = 0, t > 0, (7)  

u → 0, T → T∞, C → C∞,N → N∞ ​ at y → ∞. (8) 

Following variable are introduced to formulate the governing equations into dimensionless forms: 

η=
̅̅̅
b
ν

√

y, τ= tω, u= bxfy(η, τ), v= −
̅̅̅̅̅
νb

√
f (η, τ), (9)  

θ(η, τ)= T − T∞

Tw − T∞
,φ(η, τ)= C − C∞

Cw − C∞
, χ(η, τ)= N − N∞

Nw − N∞
, (10)  

(

1+
1
A

)

fηηη + ffyy − Sfyτ − (1+Gr)f 2
y − Mfy + λ(θ − Nrφ − Rbχ)= 0, (11)  
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(
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(
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)
= 0, (13)  

χηη − S(Lb)χτ +Lbχη − Pe[φηη(χ +ϖ)+ χηφη] = 0, (14)  

with boundary conditions: 

fη(0, τ)= sin τ, f (0, τ)= 0, θ(0, τ)= 1,φ(0, τ)= 1, χ(0, τ)= 1, (15)  

fη(∞, τ)→ 0, θ(∞, τ)→ 0,φ(∞, τ)→ 0, χ(∞, τ) → 0, (16)  

with S = ω/b (ooscillating frequency to stretching rate ratio), Ha =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σMB2

0/ρf b
√

, (Hartmann number), λ = β*g(1 − C∞)(Tw − T∞)/ b2x 

(mixed convection parameter), Nr = (ρp − ρf )(Cw − C∞)/β*ρf (1 − C∞)T∞ (bbuoyancy ratio constant), Gr = CF/
̅̅̅̅̅
kp

√
(inertia coefficient) 

Rb = γ*(Nw − N∞)(ρm − ρf )/β*ρf (1 − C∞)(Tw − T∞) (bioconvection Rayleigh number), Nb = ΛτDB(Cw − C∞)/ν (Brownian motion 
parameter), ϖ = N∞/(Nw − N∞) (microorganisms concentration difference), Nr = 16σrT3

∞/3krk (radiation parameter), Lb = ν/ Dm 

(bioconvection Lewis number), E = E*

kT∞
, (activation energy constant), Pe = b1wc/Dm (Peclet number), Nt = ΛτDT(Tw − T∞)/ T∞ν 

(thermophoresis parameter), δT = ϒTb is thermal relaxation parameter, Sc = ν/DB (Schmidt number) and δC = ϒCb (concentration 
relaxation parameter). 

Eq. (12) is further modified in terms of effective Prandtl number 

1
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[
(1+ εθ)θyy + ε

(
θy
)2]

+
(
f θy − Sφτ +Nt

(
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+Nbθyφy
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− δT

⎛
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S2θττ + f fyθy
+f 2θyy − 2Sf θyτ
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with Preff = (1 + Rd)/Pr. 
For Casson liquid, wall shear force is: 

Cf =
τw

ρf u2
w
=

(
τxy

)

y=0

ρf u2
w

, Re1/2
x Cf =

(

1+
1
A

)

fyy(0, τ). (18) 

Moreover local Nusselt number Nux, Sherwood number Shx, motile density number Nnx are defined as: 

NuxRe− 1/2
x = −

(

1+
4
3

Rd
)

θη(0, τ),
Su
̅̅̅̅̅̅̅̅
Rex

√ = − φη(0, τ), Nnx
̅̅̅̅̅̅̅̅
Rex

√ = − χη(0, τ). (19)  

3. Analytical solution 

In this section, homotopy analysis scheme is introduced to discuss the solution procedure. With efficient accuracy, this scheme is 
employed by many researchers [29–34]. Following initial approximations are considered to start the analytical procedure: 

f0(η, τ) = sin τ − e− η sin τ, θ0(η) = e− η,

φ0(η) = e− η, χ0(η) = e− η.

}

(20) 

Following relations are satisfied against above initial approximations. 

£f [π1 + π2ey + π3e− y] = 0, (21)  

£θ[π4ey + π5e− y] = 0, (22)  

£φ[π6ey + π7e− y] = 0, (23)  

£χ [π8ey + π9e− y] = 0, (24)  

where πi(i= 1, 2, ...,9) symbolize the arbitrary constants. 

4. Convergence analysis 

In homotopic algorithm, the assessment of convergence mechanism is quite compulsory for validation of numerical data. This task 
is completed with examining the numerical values of auxiliary parameters hf , hθ hφ and hχ . Fig. 1 (h-curve) is proceeded to inspect the 
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range of such parameters. For excellent numerical accuracy the range of such parameters is − 1.3 ≤ hf ≤ − 0.1, − 0.6 ≤ hθ ≤ − 0.2, −
1.1 ≤ hφ ≤ 0 and − 1 ≤ hχ ≤ 0. The validation task for solution is completed by comparing the numerical data with analysis of Tur
kyilmazoglu [34] in Table 1 which reflects a good agreement between both investigations. 

5. Physical explanation of results 

After the successful computations of problem via analytical scheme, this section highlights the physical interference of results when 
different flow parameters get numerical fixed values. 

5.1. Velocity profile 

Fig. 2(a–c) examined the change in velocity fn against time τ for inertia coefficient Gr, Casson liquid constant A and mixed con
vection parameter λ. Fig. 2(a) predicts that a decreasing change in fn against τ is observed when inertia coefficient constant get 
maximum variation. An oscillatory nature of velocity is resulted with decreasing magnitude. The interaction of strong inertial forces 
produces a decrement in the velocity. Fig. 2(b) reports the behavior of fn with enrollment of Casson liquid constant A. Again, when 
Casson liquid parameter assigns leading numerical variation, the velocity profile get slower. The physical insight of mixed convection 
parameter λ on fn is visualized graphically in Fig. 2(c). An arising oscillatory profile of velocity is reported with λ. 

5.2. Temperature profile 

Fig. 3(a–d) is prepared in order to check the influence of inertia coefficient Gr and Casson liquid constant A, thermal relaxation 
constant δT , effective Prandtl number Preff , buoyancy constantNr , variable thermal conductivity parameter ε, thermophoresis constant 
Nt and Brownian constant Nb on nanofluid temperature θ. All the graphical simulations are presented at τ = π/2. Fig. 3(a) fluctuates 
the profile of θ for Gr and A. The progressive nanofluid temperature against higher Gr and A is observed from this curve. The 
enhancement in θ due to Gr is physically defended due to interaction of inertial forces. Fig. 3(b) pronounced the contribution of 
effective Prandtl number Preff and thermal relaxation constant δT on θ. A turning down temperature of nanoliquid is visualized for Preff 

and δT . The effective Prandtl number contains the combined feature of Prandtl number and radiation constant. A direct relation of Preff 

is formulated with Prandtl number. Physically, the thermal diffusivity is minimum for higher Prandtl constant which reduce the 
temperature. Moreover, the nanofluid temperature also shows a slower profile for δT. The results claimed via Fig. 3(c) reflect that an 
enhancement in θ is measured for buoyancy constant Nr and variable thermal conductivity parameter ε . The physical mechanism for 
enhancement in θ with Nr is attributed due to presence of buoyancy forces. The consideration of variable thermal conductivity is more 
effective to improve the fluctuation in nanofluid temperature. The graphical illustration for the contribution of thermophoresis 
constant Nt and Brownian constant Nb in profile of θ is depicted in Fig. 3(d). The thermophoresis and Brownian parameters are two 
major factors in Buongiorno nanofluid model. A an increasing nanofluid temperature is pointed out for both constants. The ther
mophoresis pattern in yield out due to the famous thermophoresis phenomenon which consists of departure nanofluid particles from 
heated zone to the cooler area. Similarly, the Brownian constants enhanced the temperature as it replicates the random fluid move
ment in the heated frame. 

5.3. Concentration profile 

Fig. 4(a–d) aims to examine the change in nanofluid concentration φ for Gr , A , Nt , Nb , δC , Sc , E and Nr. From Fig. 4(a), a rise in φ 
is signified with Gr and A . The role of thermophoretic constant Nt and Brownian constant Nb on φ is worked out in Fig. 4(b). Here, an 
increasing and declining change in φ is observed for Nt and Nb, respectively. The increment φ due to Nt is noticed while reverse change 
in φ is noted when Nb is maximum. Fig. 4(c) gives the physical prospective of concentration relaxation δC and Schmidt number Sc on φ. 

Fig. 1. h-curve for all profiles.  
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When leading numerical values are given to both constant, the concentration turn downs slightly. Physical aspects behind decrement 
in φ is due Sc is due to reverse relation of Schmidt constant with mass diffusivity. The results incorporated via Fig. 4(d) claimed that 
nanofluid concentration profile is rapidly change with increasing manner due to E and Nr. The activation energy parameter contributes 
effectively to improve the reaction pattern in many physical and chemical procedures. 

5.4. Microorganisms profile 

In order to check out the role of inertial constant Gr , Casson liquid constant A , bioconvection Lewis number Lb and Peclet 
numberPe on microorganisms profile χ, Fig. 5(a and b) is sketched. Fig. 5(a) shows that, with maximum change in Gr and A, the 
microorganisms profile boost up more progressively. The presence of non-Newtonian material and Darcy porous space help to improve 
the microorganisms profile. Fig. 5(b) reports a decreasing behavior of χ with increasing values assign to Lb and Pe. The Peclet number 
ensured a reverse relationship with motile density which is responsible to such depressing behavior of. χ.

5.5. -D illustration of velocity, temperature, concentration and microorganisms profile 

In current time dependent flow, the accelerated flow is induced with periodically moving surface. The 3-D illustration of velocity fη 
with η and time τ, is presented in Fig. 6 when the flow parameters kept fixed. An accelerating behavior of fη is observed with very minor 
phase shift. A gradual variation in fη is seen along y-axis without oscillation. Fig. 7 addressed the 3-D nature of temperature θ . A linear 
change in θ is observed without any oscillating behavior. The 3-D profile and concentration φ and microorganism χ is observed in 
Figs. 8 and 9, respectively. No oscillation in both profiles are predicted again. 

Table 1 
Solution validation as for f ′′(0, τ) when A → ∞, S = λ = Gr = Nr = Rb = 0. and τ = π/2.

M  Turkyilmazoglu [34] Present results 

0  − 1.000000 − 1.000000 
0.5  − 1.224744 − 1.224743 
1 − 1.414213 − 1.414211 
1.5 − 1.581138 − 1.581138  

Fig. 2. (a–c): Change in fn for (a) Gr , (b) A (c) λ.
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Fig. 3. (a–d): Change in θ for (a) Gr and A (b) δT and Preff (c) Nr and ε (c) Nt and Nb.

Fig. 4. (a–d): Change in φ for (a) Gr and A (b) Nt and Nb. (c) δC and Sc (c) E and Nr  
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5.6. Physical quantities 

The numerical values are calculated Gr, Nr, Rb, A, M, λ and Preff by against relation of − θη(0, τ), − φη(0, τ) and − χη(0, τ) in Table 2. 
The increasing change − θη(0, τ), − φη(0, τ) and − χη(0, τ) against flow parameters like λ and Preff is noted while all other parameters slow 
down the heat, mass and motile transportation rate. 

6. Conclusions 

The applications of bioconvection for the thermal transport of Casson nanoliquid is inspected in this analysis. The significances of 
Darcy-Forchheimer relation, invariable thermal conductivity futures and activation energy are also addressed with fundamental laws. 
The problem is formulated in terms of PDE’s which are analytically solved. A comprehensive graphical analysis and 3-D illustration of 
problem is presented. The prime findings from current analysis are:  

➢ The applications of inertial coefficient and Casson liquid constant slow down the velocity.  
➢ The transportation of heat transfer pattern is effectively improved by considering the variable thermal relations.  
➢ The nanofluid temperature gets raised for inertial coefficient, Cason liquid parameter and thermophoresis constant.  
➢ The nanofluid concentration and temperature get slower for concentration relaxation and thermal relaxation constant, 

respectively.  
➢ The microorganisms get increasing change for Casson liquid constant and inertial coefficient while slow down for bioconvection 

Lewis number.  
➢ A 3-D illustration of temperature, concentration and microorganisms profiles is not of periodic nature.  
➢ These results convey applications in improvement of thermal energy, solar systems, energy devices, controlling the cooling of 

devices, petroleum recovery, biofuels etc. 
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Fig. 5. (a–b): Change in χ for (a) Gr and A (b) Lb and Pe.

Fig. 6. A 3-D illustration for velocity fη  
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Fig. 7. A 3-D illustration for temperature θ.

Fig. 8. A 3-D illustration for concentration φ.

Fig. 9. A 3-D illustration for microorganism.χ.
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