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a b s t r a c t 

Theoretical stud of a rheological fluid suspended with two types of nanoparticles through a steep channel 

is presented in this article. Each suspension is formed by using the non-Newtonian Casson fluid model as 

the base liquid. Particulate flows are generated mainly due to the effects of gravitational force. In addi- 

tion to this, the contribution of transversely applied magnetic fields is also considered. Further, the flow 

dynamics of Casson multiphase flows are compared with the ones suspended with the Newtonian fluid 

model. A closed-form solution is obtained for the mathematical modeled nonlinear partial differential 

equations which are transformed into a set of the ordinary differential equation. Separate expressions for 

volumetric flow rate and pressure gradient have been formulated, as well. Numerical results computed in 

the different tables show that Hafnium particles gain more momentum than crystal particles. Owing to, 

many engineering applications of highly thick multiphase flows, such as in chemical and textile indus- 

tries, it is evident that Casson multiphase suspensions are quite suitable for coating purposes. Moreover, 

magnetized multiphase flows are compared with the previous investigation as the limiting case for the 

validation. 

© 2021 Elsevier Ltd. All rights reserved. 

1

p

t

t

s

c

e

l  

M  

p

t

s

p

c

B

fl

v

h

t

t

e

o

S

f

t

m

t

h

0

. Introduction 

Most of the natural, geological and industrial flows are the sus- 

ension of non-Newtonian fluids. It is not very easy to predict 

he flow characteristics of non-Newtonian fluids. This appeals to 

he interests of scientists to explore the rheological properties of 

uch fluids, mainly due to daily application in petroleum, chemi- 

al, and textile industries. Some very commonly known fluids that 

xhibit these properties are Eyring-Powell fluid [1-3] , Micropo- 

ar fluid [ 4 , 5 ], Tangent-Hyperbolic fluid [ 6 , 7 ], Power-law fluid [8] ,

axwell fluid [9] , Rabinowitsch fluid [ 10 , 11 ], Jeffrey fluid [12] , Cou-

le Stress fluid [ 13 , 14 ]. Fluids with viscoelastic properties attract 

he attention of researchers. This type of fluids considered as the 

pecial type of the non-Newtonian, because the fluid flow takes 

lace only when the applied stress is greater than critical values (is 
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alled yield stress). The rheological fluid models namely, Herschel- 

ulkley fluid model [15] , Bingham fluid model [16] , and Casson 

uid model [17] are established to capture the flow behavior of the 

iscoelastic fluids. The Casson fluid models are commonly used to 

ighlight the shear thinning behavior in the fluids. In recent years, 

he Casson fluid model is adopted by the food industries, such as 

o manufacture chocolate and cocoa. Moreover, in biomedical sci- 

nces, the Casson fluid model also assists to predict the devel- 

pment of the rheological characteristics of human blood [ 18 , 19 ]. 

ome other significant applications of Casson fluid models in dif- 

erent fields are laid down in the list of references [20-24] . 

Multiphase flow is a ubiquitous phenomenon that deals with 

he simultaneous transportation of more than one phase. However, 

any mechanical, chemical, and textile flow mechanisms are mul- 

iphase. Turkyilmazoglu [25] used the dust particles to investigate 

he multiphase flow over a rotating disk. He noted that the veloc- 

ty of dust particles is greater than the velocity of the fluid phase. 

azeer et al. [26-29] used the nano metallic particles of crystal and 

afnium to obtain different types of non-Newtonian multiphase 

https://doi.org/10.1016/j.chaos.2021.111198
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2021.111198&domain=pdf
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Fig. 1. Flow Geometry. 
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Nomenclature 

V f The velocity of the fluid phase 

V p The velocity of the particle phase 

u, v , w Velocity components 

u p The velocity of the particle 

u f The velocity of the fluid 

T Extra stress tensor for Casson fluid 

E Electric field 

J Current vector 

B Magnetic field 

S Drag force 

C Particles Concentration 

M Hartman number 

G Gravitational force 

p Pressure 

δ Wavelength 

ε Dielectric permittivity 

� Wavelength 

μs The viscosity of the fluid 

ρ f The density of the fluid 

ρp Density of particle 

l Distance between plates 

α The inclination of the channel 

Fr Froude’s number 

∂ Partial differential 
D 
Dt Material time derivative 

uspensions. They achieved an analytical solution to each problem. 

heir observations revealed that the suspension of hafnium parti- 

les suspends well with the base fluid, as compared to crystal par- 

icles. In [ 30 , 31 ] discuss the electro-osmotically multiphase flow of 

ewtonian fluids in three diverse shapes of the complex geome- 

ries. They presented the exact solution of the problem and con- 

tructed the graphical behavior of the fluid and particle velocities 

nder the impact of the non-dimensional parameters. Some more 

nteresting studies on the multiphase flows are listed in [ 32 , 33 ]. 

Heat transfer is a very useful mechanism in thermal and chem- 

cal processing. For the last few decades, heat enhancement is 

chieved via using nano-sized metallic particles. Turkyilmazoglu 

34] selected the seven different types of nano-particles to inves- 

igate the liquid film over a moving substrate. His-results revealed 

hat the gold nano-particle reduced the nano-liquid film thickness. 

he numerical analysis of the natural convection flow of nanofluid 

hrough a cavity was reported by Nazir et al. [35] . The finite el-

ment method is applied to simulate the problem and the pres- 

ure term is eliminated through the penalty method. They con- 

luded that aluminum nanoparticles are the best option to increase 

he heat transfer of the system. Heat and mass transfer of Carreau 

uid over a stretching surface is numerically investigated in [36] . 

agnetized two-dimensional flow is simulated with the help of 

sing Runge-Kutta and Newton’s methods. However, [37] is rele- 

ant to the aligned magnetic effects on the nanofluid suspended 

ith kerosene oil over a thin film. Tlili et al. [38] study the effect

f magnetic field on the ferrofluid. They considered three differ- 

nt types of particles to form ferrofluid by using Oldroyd-B, as the 

ase liquid. Like the previous cases, the Range-Kutta method with 

ewton’s approach is applied on MHD ferrofluid. 

In view of existing literature, two different types of multi-phase 

ows of Casson fluid have not been reported, yet. Rheological 

uid suspends with Hafnium and crystal particles, respectively. The 

ain source of the flow is gravitational force through a steep chan- 

el. The magnetized multiphase flows are further, compared with 

he previous investigation as the limiting case for the validation. 
2 
. Mathematical modelling 

Consider a steady and incompressible flow of a bi-phase non- 

ewtonian Casson fluid mixed up with Hafnium and crystal metal 

anoparticles flowing in a steep channel having some inclination. 

et V f = [ u f ( x, y ) , 0 , 0 ] and V p = [ u p ( x, y ) , 0 , 0 ] are indicating the 

elocity profiles of fluidic and particulate phases, respectively. The 

ketch of the under consideration channel is shown in Fig. 1 . The 

ccurring equations are solved in two separate sections for fluid 

nd particle phases. 

.1. Fluid phase 

The equation of continuity and mass of fluid phase are defined 

y [26-28] . 

. V f = 0 . (1) 

f (1 − C) 
D V f 

D t 
= −(1 − C) ∇ .p + (1 − C) ∇ . τab − SC 

(
V p − V f 

)
+ J × B + g ρ f . (2) 

he electromagnetic force in above is defined as 

 = σ (E + V f × B ) , (3) 

eglecting the contribution of applied electric field and consider- 

ng the contribution of transverse and uniform magnetic field, one 

ets the final 

 = 0 , (4) 

 = (0 , B 0 , 0) , (5) 

 × B = − σB 

2 
0 u f i. (6) 

n the last equation “τab ” is known as the extra stress tensor for 

asson fluid such as 

ab = 

{
2( μs + p y / (2 π) 

1 / 2 
) e ab , π > πc 

2( μs + p y / (2 π) 
1 / 2 

) e ab , π > πc 

(7) 

.2. Particle phase 

The continuity and momentum equations for the particle phase 

29] are expressed as 

. V p = 0 , (8) 
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Fig. 2. Fluid velocity via M. 
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p C 

D V p 

D t 
= −C ∇ .p + SC 

(
V p − V f 

)
+ g ρp . (9) 

n components form, Eqs. (1) , (2) , (8) & (9) are given in the follow-

ng form, 

∂ u f 

∂y 
= 0 . (10) 

ρ f (1 − C) 
(

∂ u f 
∂t 

+ u f 
∂ u f 
∂x 

+ v f 
∂ u f 
∂y 

)
= −(1 − C) ∂ p 

∂x 

+(1 − C) μs 

(
1 + 

1 
β

)(
∂ 2 u 
∂ y 2 

)
− SC 

(
u p − u f 

)
− σB 

2 
0 u f + g ρ f sin α, 

} 

(11) 

∂ u p 

∂y 
= 0 . (12) 

p C 

(
∂ u p 

∂t 
+ u p 

∂ u p 

∂x 
+ v p 

∂ u p 

∂y 

)
= −C 

∂ p 

∂x 
−SC 

(
u p − u f 

)
+ g ρp sin α. 

(13) 

.3. Boundary conditions 

The above flow problem is analyzed subject to the following 

oundary conditions: 

i ) u f (y ) = 0 ; W hen y = −L, (14) 
3 
ii ) u f (y ) = 0 ; W hen y = L. (15) 

. Homogeneity of the problem 

It is essential to take into account the following dimensionless 

uantities in Eqs. (10) - (15) . 

x̄ = 

x 
L 
, ȳ = 

y 
L 
, ū f = 

u f 
u ∗ , ū p = 

u p 
u ∗ , ḡ = 

g 
g ∗ , μ̄s = 

μs 

μ0 

F r = 

u ∗√ 

L g ∗
, ρrel = 

ρ f 

ρp 
, p̄ = 

pL 
u ∗μ0 

M = B o L 
√ 

σ
μ0 

. 

} 

. (16) 

ncorporating the above quantities and ignoring the bars signs one 

nally gets 

1 + 

1 

β

)∂ 2 u f 

∂ y 2 
− M 

2 

(1 − C) 
u f + 

(
n 1 + n 3 

n 1 n 3 

)
g sin α

(1 − C) ( F r ) 
2 

− 1 

(1 − C) 

∂ p 

∂x 
= 0 . (17) 

 p = u f −
n 2 n 3 C (F r) 

2 ∂ p 
∂x 

+ n 2 g sin α

C (F r) 
2 
n 3 

. (18) 

imilarly, the corresponding boundary conditions take the form 

 f (y ) = 0 ; W hen y = −1 . (19) 

 f (y ) = 0 ; W hen y = 1 . (20) 
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Fig. 4. Fluid velocity via C . 
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ith the assumption of a constant and uniform pressure gradient 

cross the channel, such that 

dp 

dx 
= P. (21) 

fter some necessary mathematical manipulation Eqs. (17) - (18) be- 

ome, 

∂ 2 u f 

∂ y 2 
− A 1 u f + A 2 + A 3 P = 0 (22) 

 p = u f −
n 2 n 3 C (F r) 

2 
P + n 2 g sin α

C (F r) 
2 
n 3 

. (23) 

ne can easily identify in above equations 

 1 = 

M 

2 

( 1 − C ) 
(
1 + 

1 
β

) , A 2 = 

(
n 1 + n 3 

n 1 n 3 

)
g sin α(

1 + 

1 
β

)
(1 − C) ( F r ) 

2 
, 

 3 = − 1 (
1 + 

1 
β

)
(1 − C) 

. (24) 

. Solution of the problem 

The momentum of Casson fluid can be obtained by solving 

q. (22) by using the boundary conditions Eqs. (19) - (20) . Which 
4 
s given as 

 f = 

(
−1 

2 

Sech 

[ √ 

A 1 

] 
A 3 

)⎛ 

⎝ 

cosh 

[ √ 

A 1 y 

] 
− sinh 

[ √ 

A 1 y 

] 
⎞ 

⎠ 

+ 

(
−1 

2 

Sech 

[ √ 

A 1 

] 
A 3 

)⎛ 

⎝ 

cosh 

[ √ 

A 1 y 

] 
+ sinh 

[ √ 

A 1 y 

] 
⎞ 

⎠ + A 3 , (25) 

imilarly, the momentum of the particle phase is given as 

 p = 

(
−1 

2 

Sech 

[ √ 

A 1 

] 
A 3 

)⎛ 

⎝ 

cosh 

[ √ 

A 1 y 

] 
− sinh 

[ √ 

A 1 y 

] 
⎞ 

⎠ 

+ 

(
−1 

2 

Sech 

[ √ 

A 1 

] 
A 3 

)⎛ 

⎝ 

cosh 

[ √ 

A 1 y 

] 
+ sinh 

[ √ 

A 1 y 

] 
⎞ 

⎠ 

+ A 3 −
C n 2 

(
n 3 ( F r ) 

2 P − g sin [ α] 
)

C n 3 ( F r ) 
2 

. (27) 

. Results and discussion 

This section narrates the impacts of noteworthy parameters, 

ermed as Hartman number M, particle concentration C, Froude 

umber Fr, Inclination of the channel α, on the flow of both 

hases, in Figs. 2-9 . In each diagram, the dashed lines represent 
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Fig. 6. Fluid velocity via Fr. 
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ariation in Casson multiphase flow. While, the solid lines exhibit 

he variation the in Newtonian multiphase flow as β → ∞ , against 

he pertinent parameters. 

Fig. 2 describes the contribution of the Hartman number on 

he momentum of the base liquids. It is observed that the veloc- 

ty of Casson multiphase flows decreases subject to the stronger 

agnetic fields. Since the application of transverse magnetic fields 

orks as resisting force which retards the motion of the fluid 

ue to Lorentz force. It is to be noted that Newtonian fluid flow 

hrough the steep channel is faster than Casson fluid flow. Simi- 

arly, multiphase flows which are suspended with Hafnium parti- 

les, have greater momentum than the ones which are suspended 

ith crystal particles. Fig. 3 explains the same behavior of each 

article against the Hartman number. However, the impact of the 

agnetic field is greater on crystal particles. The most important 

uantity for an inclined channel is the Froude number which is 

 ratio of inertial forces to gravitational force. This dimensionless 

umber is significant to classify the flow. Impacts of Froude num- 

er are depicted in Figs. 4-5 on fluid phase and particle phase, re- 

pectively. It is witnessed that by enhancing Froude number mul- 

iphase flows gradually decreases in Fig. 4 . The higher value of the 

roude number allows inertial forces to get dominant and ham- 

ers the flow motion. The same behavior is for the motion of par- 

icle phases in Fig. 5 against the Froude number. In Figs. 6 , 7 the

omparison graphs for the fluid phase of Newtonian and Casson 

uids are drawn for Hafnium and crystal multi-phase flows. The 

iagrams show a completely different trend in the velocity of the 
5 
ase liquid. Increasing the number of particles C the momentum of 

he base fluid increases. Generally, the additional number of parti- 

les aggravates the particles’ drag force on the main carrier. On the 

ther hand, the effects of gravity undo the application of the drag 

oefficient. Instead, the mutual collision of the particles further ex- 

edites the momentum of the base liquids. The inclination of the 

lant angle is variated in Figs. 8 , 9 . By raising the inclination of the

teep channel the velocity of the particulate flow rapidly increases. 

his is according to the physical expectation of the geometry that 

he higher the inclination, the faster the motion of the multiphase 

ow. 

. Numerical observations 

The present study provides a comparative investigation of Cas- 

on two-phase flows and Newtonian two-phase flows, suspended 

ith Hafnium and crystal particles, respectively. The comparative 

nalysis is carried out based on physical properties for the fluid 

nd particle-phase given in Table 1 . The velocity of Casson fluid 

nd Newtonian fluid are compared against M, F r, α, and C, respec- 

ively for Hafnium and crystal particles in Tables 2 , 3 . Multiphase 

ow suspended with Hafnium particles travels faster than the one 

uspended with crystal particles for the case of α and C . This is 

ainly due to the density of the Hafnium metal. On the contrary, 

n opposite trend has resulted in the case of M and F r. 

Moreover, it is quite eminent from the tabulated numerical data 

hat base fluid’s velocity for the case of Newtonian fluid has much 

reater momentum as compared to Casson fluid. This is indicative 
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Table 1 

Physical properties of given composite flow. 

Density of fluid Density of particle Viscosity of suspension Viscosity of fluid 

Base fluid 1200 kg m 

−3 – 660 pas 125 pas 

Hafnium – 13310 kg m 

−3 – –

Crystals 2700 kg m 

−3 – – –

Table 2 

Comparison between Newtonian and Casson fluid for the case of fluid phase. 

Parameters u f (For Hafnium Particles) u f (For Crystal Particles) 

M C Newtonian Fluid Casson Fluid Newtonian Fluid Casson Fluid 

1.6 0.4 1 . 43256 1 . 38626 0 . 59941 0 . 58004 

1.4 0.4 1 . 69638 1 . 63061 0 . 70980 0 . 68229 

1.2 0.4 2 . 01395 1 . 92070 0 . 84269 0 . 80367 

1.0 0.4 2 . 38786 2 . 25675 0 . 99914 0 . 94428 

1.0 0.3 2 . 17696 2 . 04999 0 . 91089 0 . 85777 

1.0 0.2 1 . 99995 1 . 87766 0 . 83683 0 . 78566 

1.0 0.1 1 . 84937 1 . 73189 0 . 77382 0 . 72466 

Fig. 8. Fluid velocity via α. 

t

m

7

e

i

Fig. 9. Particle velocity via α. 
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fl
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c

hat shear stresses and viscous forces are more dominant in Casson 

ultiphase flows. 

. Validation 

The current multiphase flows of Casson fluid are compared with 

xisting multiphase flows of a couple stress fluids [39] . Fig. 10 val- 

dates the multiphase flows suspended with Hafnium particles and 
6 
rystal particles, respectively, for the limiting case i.e. for the New- 

onian multiphase flows. Since, current and previous investigations 

re carried out, through inclined channels. The main source of the 

ows is gravity while transverse magnetic fields are contributing 

cross the channel. It is to be noted that solid lines (i.e., black and 

ed) represent the solution given by [39] . On the other hand, cir- 

ular dots describe the current investigation. It is evident from the 
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Table 3 

Comparison between Newtonian and Casson fluid for the case of fluid phase. 

Parameters u f (For Hafnium Particles) u f (For Crystal Particles) 

F r α Newtonian Fluid Casson Fluid Newtonian Fluid Casson Fluid 

4.6 π/ 4 1 . 92473 1 . 81905 0 . 87465 0 . 82663 

4.4 π/ 4 2 . 05825 1 . 94523 0 . 91054 0 . 86055 

4.2 π/ 4 2 . 21129 2 . 08987 0 . 95167 0 . 89942 

4.0 π/ 4 2 . 38786 2 . 25675 0 . 99913 0 . 94427 

4.0 π/ 6 1 . 83160 1 . 73103 0 . 84963 0 . 80297 

4.0 π/ 3 2 . 81469 2 . 66014 1 . 11386 1 . 05270 

4.0 5 π/ 12 3 . 08301 2 . 91373 1 . 18598 1 . 12086 

Fig. 10. Comparison between present solution and previous solution. 
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iagrams that both multiphase solutions are in full agreement as 

he velocities for Hartman number decreases, gradually. 

. Concluding remarks 

Two different types of multi-phase flows are investigated. Com- 

arative analysis is carried out, by taking Casson fluid as the base 

iquid which suspends with Hafnium and crystal particles, respec- 
7 
ively. The main source of the flow is gravitational force through a 

teep channel. The magnetized multiphase flows, further compared 

ith the existing literature [41] as the limiting case for validation. 

ome main findings and outcomes of the study are enumerated 

elow: 

• Hartman number hampers each type of multiphase flow. 
• Casson multiphase flows are more suitable for textile and 

chemical industries. 
• Hafnium suspensions have greater momentum than crystal sus- 

pensions. 
• Higher the inclination of the channel, the faster the multiphase 

flow. 
• Casson suspension can apply the smooth coating, as compared 

to Newtonian suspensions. 
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