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Abstract
This study investigates theoretically, the effects of axisymmetric magnetohydrodynamic stagnation point flow of nanofluid 
over a surface lubricated by taking the general slip condition: The application perspective in biological farming and irrigation 
system. The impacts of radiation, chemical reaction, thermophoresis, and Brownian motions are further taken into account. 
In this model, PDEs are appropriately transformed into dimensionless ODEs. A numeric techniques BVP4C is implemented 
for the solutions of all the involved transport variables. Influences by the physical significance parameters on the velocity, 
temperature, and concentration profiles are studied. Physically, the effects of the skin friction coefficient on the heat transfer 
and concentration rate at the surface are analyzed. The Lorentz force has visible diversity on the flow properties. A transition 
of slip to no-slip condition is evident in the present study.

Keywords  Radiative heat flux · Chemical reaction · Thermophoresis and Brownian motions · Generalized slip constraints · 
BVP4C

1  Introduction

In the progress of nanotechnology, a crucial role is played by 
transportation phenomena. In biological farming, we often 
come across the flow of fluids over the lubricated surface. 
To advance the transfer of energies between the source and 
consumer, the researchers are on the way toward the opti-
mistic methods. Specifically, it is perceived that heat trans-
mission could be made more efficient by adding extra small 
matter particles in the liquids. In Scientific language, these 
particles are famous as nanoparticles, and the liquid prior 
to the mixture is base liquid. Such a combination is named 

the nanofluids. The base liquid’s nature determines the flow 
properties’ responses and the type of particles added. The 
preparation of these liquids is carried out in two different 
procedures. In the first one, known as the two-step method, 
the prepared nanoparticles are hanged in the base liquids, 
while in the second one, the same particles are dispersed in 
the base liquids. The fundamental concern is the stability 
and the homogeneity, which are always taken in these meth-
ods to prepare nanoliquids. Specifically, erosion, obstruc-
tion, and clustering need to be taken into account. As the 
cooling and heating agents, the nanoliquids have shown the 
best performance until now.
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The idea of nanoliqiuds was initiated by Choi et al. [1], 
which was tested as the source of heat transfer. The thought 
brought into several kinds of research of fluids mechanics. 
For the convected flow of heat, Oztop, and Abu-Nada [2] 
investigated the Oldroyd-B model. The same model is stud-
ied by Khan et al. [3] for 3D flow using the heat sink-source 
phenomena. The MHD effects are investigated by Sheikhole-
slami et al. [4]. The peristalsis flow of nanofluid with MHD-
indeed studied by Akbar et al. [5]. Several investigations 
are carried out for non-Newtonian fluids, Sandeep et al. [6] 
checked the non-Newtonian fluids with nanoparticles. Fur-
ther, the entropy generation is studied in [7] by Rehman et al.

The study of nanofluids with a specific choice of base 
liquid and nanoparticles is carried as well. As a base liquid 
considering H2O and C2H6O2, with the nanoparticles as Cu, 
the study is contributed by Haq et al. [8] by taken two paral-
lel disks. Considering the impact of slip on non-Newtonian 
fluid with nanoparticles is investigated by Rahman et al. [9] 
for tapered artery stenosis. The chemical processes have 
a visible effect on the flow phenomena. Considering the 
rotating disk, the impact of chemical processes is studied 
by Hayat et al. [10]. The same is studied for MHD effects 
by Hayat et al. [11]. With the consideration of thin film, the 
study of MHD flow is contributed by Sandeep [12].

In the general view of chemical reactions, we have two 
procedures. The first one takes a Stoichiometric and rate 
equation pair, while the other could have multi Stoichiomet-
ric equations only.

For a variety of responses, the chemical reactions are 
termed as homogeneous and heterogeneous, occurrence in 
single-phase and multi-phase, respectively.

The chemical reactions have a significant role in the fluid 
flows. The first modeling of Activation energy and chemical 
reaction initially formulated by Ramzan et al. [13] consider-
ing magneto-nanofluid. On the same model, the radiative 
flow is contributed by Ramzan et al. [14] with double strati-
fication of Powell-Eyring. In rotating disk flow of Maxwell 
fluid with activation energy explored by Shafique et al. [15]. 
Khan et al. [16, 17] extended it to 3D flow for higher models, 
including Burgers and generalized. The effects of MHD are 

studied by Mustafa et al. [18], utilizing chemical reaction 
and activation energy. The nanofluid study is dedicated to 
a variety of scenarios in [19–24]. The technique BVP4C is 
applied to several studies for the numerical solution of dif-
ferential equations [25–36].

In this theoretical work, given the above studies, we 
extracted the features of stagnation point flow for 2D steady 
axisymmetric nanofluid pointing lubricated plate with radia-
tion and chemical reaction considering the generalized slip 
condition, which has not been presented by any literature 
before. Via appropriate transformations, we converted the 
PDEs system to dimensionless ODEs using nonlinear slip 
conditions at the boundary. For the required solution, we 
used the BVP4C, a built-in MATLAB technique, to find the 
solutions of the governing equations. A comparison of the 
skin friction with the studies [37, 38] is also conducted.

2 � Modeling

To develop the mathematical model, we consider the lubri-
cated surface such that the flow is steady and axisymmetric, 
having a stagnation point for an incompressible fluid. Fur-
ther, the small Reynolds number is taken for the effects of 
magnetic force. The flow analysis is executed in a chemical 
reaction and radiation environment with the effects of ther-
mophoresis and Brownian motions. A pseudo-geometry is 
displayed through Fig. 1.

The axisymmetry demolished the azimuthal component, 
so the component of velocity for the fluid and lubrication is 
taken as [u1(r, z), 0, u3(r, z)] and [U1(r, z), 0,U3(r, z)] , respec-
tively. For the mathematical simplification, we assume the 
sheet is showered with power-law lubrication, creating a thin 
layer with varying thickness h(r) . The flow rate Q is given as

The fundamental governing PDEs are as below

(1)Q =

h(r)

∫
0

2�rU1dz

Fig. 1   Geometry of the model
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where the involved quantities are defined in the nomencla-
ture below:

Nomenclature

u1 Velocity component along r-axis
u3 Velocity along z-axis
p Pressure
� Material parameter
� Kinematic viscosity
T Temperature
T∞ Ambient temperature
D

B
Thermophoresis parameter

D
T

Brownian motion parameter
C The concentration of the fluid
k
1

Chemical reaction
� Electrical conductivity

From [10] for the Roseland approximation, the radioac-
tive heat flux term is

where k∗ is the mean absorption coefficient and �∗ is Stefan 
Boltzmann constant. We can assume the temperature differ-
ence within the flow as a linear combination of temperature 

(2)
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+
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+
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(7)qr = −
4�∗

3k∗
�T4

�z
,

T4 omitting the term with higher-order using Taylor’s expan-
sion we get

Then we have

At the surface the no-slip boundary conditions have the 
form

and

the interfacial condition is [29]

Here �∗ , k , and n are the reciprocal of some critical shear 
rate, the consistency index, and the power-law index, respec-
tively. Now use the following

Here 
⌢

U1(r) is the component of velocity at the interfacial 
condition for both the fluids. The thickness is expressed as

Substituting Eqs. 11 & 12 and 
⌢

U1 ≅ u into Eq. 10, we get

Continuity of the velocities for fluid and lubricant at the 
interfacial condition given as

From Eq. 11 this further gives

At the interfacial condition, the pressure distribution of 
pressure considered as

and

(8)T4 = 4TT3

�
− 3T4

∞
.

(9)
�qr

�z
=

−16T3
�
�∗

3k∗
�2T

�z2
.

(10)U1 = 0 = U3, T = Tw, C = Cw at z = 0,

(11)U1 = 0 for z ∈ [0, h(r)].
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.
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(16)u3(r, h(r)) = U3(r, h(r)).

(17)u3(r, h(r)) = 0.

(18)p(r, h(r)) = −�
A2r2

2
,
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We take the dimensionless transformation of PDEs to 
ODEs as

Equation 2 is satisfied identically, and Eqs. 3, 4, 13, 
15–19 become

The transformed boundary conditions are

In these equations, we take

are the magnetic parameter, Prandtl number, the reaction 
parameter, slip parameter, the generalized slip the radiation 
parameter, thermophoresis, Brownian motion parameter, and 
the Lewis number, respectively.

3 � Solution Methodology

For the required information out of these equations, it is 
mandatory to find their solution. In our prosed model, the 
differential system is highly nonlinear, and it is not possible 
to find the exact solution. To deal with these equations, we 

(19)
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utilized the MATLAB built-in technique BVP4C for these 
equations’ numerical solution. This technique is based on 
the newton finite difference scheme. We used it to solve 
the Eqs. 21–24 by using boundary conditions in Eq. 25 for 
f �(�), f ��(�), �(�), �(�) , ��(�) , and ��(�) for the designated 
values of involved parameters.

A general scheme of the methodology followed as:
Covert the higher-order ODEs in Eqs. 21–24 to the first 

order by setting

and solve Eqs. 21, 22, and 24 for yy1, yy2, and yy3, respec-
tively. Then by embedding this scheme in BVP4C, we 
arrived at the outcomes in Figs. 2, 3, 4, 5, 6, and 7.

4 � Discussion

The major outcomes are signified by sketching the numeric 
data through graphs and tables.

Here, in this section, we discussed the impact of involved 
parameters on the ultimate flow properties, the velocity pro-
file f �(�) , temperature distribution �(�), and the concentra-
tion �(�) behavior is shown in Figs. 2, 3, 4, 5, 6, and 7.

4.1 � Effects of slip Parameter �

Specifically, Fig. 2a–c gives the act of slip parameter � on 
f �(�) , �(�), and �(�) the velocity, temperature, and concen-
tration profile, respectively, for the fixed values of �, and M 
as indicated in the figure. The cases � → ∞ , and � → 0 
interpreted as the no-slip and full slip conditions, respec-
tively. The flowing fluid velocity increases for the no-slip 
state, while it is constant for the complete slip condition, 
see Fig. 2a.

Physically, we could establish that the higher rate of lubri-
cation increases the velocity, and for the full slip, the fluid 
viscosity is crushed by the lubricant process. The influence 
on the temperature profile by the slip parameter � is shown 
in Fig. 2b. It is perceived that the temperature is enhancing 
by the growing values of the slip parameter.

Physically, the growing slip increases the flow velocity. 
As a result, the temperature at the wall is declined.

4.2 � Effects of Generalized Slip Parameter ˇ

A likewise behavior of concentration profile is recorded; 
see Fig. 3c. The growing slip parameter boosted the concen-
tration. Through Fig. 3a–c, we sketched the effect of gen-
eralized slip parameter � on the velocity, temperature, and 

y1 = f , y2 = f �, y3 = f ��, yy1 = f ���, y4 = �, y5 = ��,

yy2 = ���, y6 = �, y7 = ��, yy3 = ���
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concentration. Figure 3a provides the influence on velocity 
profile f �(�) by � . It can be noted that the slip parameter and 
the generalized slip parameter have the same effects.

The velocity and corresponding boundary layer thick-
ness increasing for the higher values of the generalized slip 
parameter. Nevertheless, introducing the generalized slip 
fortifies the results for no-slip and partial slip flow. The tem-
perature influenced by the general slip parameter for some 
choices of � values is particularized in Fig. 3b. For the rais-
ing values � of, a reduction in temperature occurred. With 
the introduction of lubrication on the surface, the tempera-
ture reduction becomes dominant for the higher � . A like-
wise behavior is executed by the concentration profile �(�) 
sketched in Fig. 3c. However, a more conspicuous decrease 
is noticed for concentration species.

4.3 � Effects of Magnetic Parameter M

This study considered the Lorentzian forces as well. The 
influence of MHD is also prominent for the temperature 
and concentration and the velocity of moving fluid. These 
impacts could be seen in Fig. 4a–c. Specifically, Fig. 4a 
provides the velocity evolution f �(�) for varying magnetic 
parameter M and by fixing the other parameters as shown 
in the corresponding figure. The boundary layer thickness 
and velocity showed the declining behavior for the growing 
values of the magnetic parameter.

Physically, MHD is resistive to the flow, and thus the 
velocity experiences a decrease with increasing values of 
the magnetic parameter. The higher magnetic force, the 
lower will be the velocity of moving fluid. A likewise 

Fig. 2   Variation of f �(�) , �(�) and �(�) verses �
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behavior is executed by the temperature of moving fluid 
through the specified channel, see Fig. 4b, a reduction 
in the boundary layer thickness is also noticed. The con-
centration profile depicted in Fig. 4c executed the way as 
that of the temperature profile, i.e., decreasing with the 
increasing values of the magnetic parameter. However, 
we noticed the prominence of the concentration profile as 
compared to temperature.

4.4 � Effects of Radiation Parameter Rd

As radiation is the source for heat transmission, so higher the 
radiation rate Rd the faster will be the temperature growing 
see Fig. 5 for the graphical illustration.

Physically, the higher rate of radiation is enhancing the 
surface flux that is why the increasing behavior in tempera-
ture is noticed in the boundary layer.

Fig. 3   Variation of f �(�) , �(�) and �(�) verses �
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4.5 � Effects of Chemical Reaction Parameter 


An increase in chemical reaction parameter � decreasing the 
concentration of the fluid, Fig. 6.

As a matter of physical fact, the concentration is signifi-
cantly demolishing by chemical reaction, so that the declin-
ing behavior is shown by concentration with the growing 
chemical rate.

4.6 � Effects of Thermophoresis, Brownian Motion 
Parameter Nb, Nt, and Le

The enhance in the temperature and concentration profiles 
is noticed for the growing values of these parameters. The 
sketch can be seen in Fig. 7a–c.

Fig. 4   Variation of f �(�) , �(�) and �(�) verses M

Fig. 5   Variation of �(�) verses Rd
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5 � Conclusion

In this study, the Axisymmetric stagnation point flow of a 
magnetohydrodynamic viscous fluid over a lubricated sur-
face with the fluid–fluid interface’s generalized slip condi-
tion has been examined. A group of effecting agents is taken 
into account to notice velocity, temperature, and concen-
tration by varying the involved parameters. Specifically, 
we considered the chemical reaction, radiation effects, the 
Brownian, and thermophoresis motions for their effects on 
the flow properties. As a result of modeling, we arrived at 
highly nonlinear PDEs systems, which cannot be solved by 
available analytic techniques. We transformed these PDEs 
to ODEs by applying suitable transformations preserving 
the fundamental laws. Finally, the ODEs are solved using 
BVP4C through MATLAB, which produced the numerical Fig. 6   Variation of �(�) verses �

Fig. 7   Development of a �(�) , b �(�) and c �(�) , verses Nt, Nb, Le
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solutions. A comparison of the skin friction f ��(0) with the 
studies in [37, 38] is conducted in Table 1. The values of 
−��(0) (local Nusselt number) and −��(0) (local Sherwood 
number) are listed in Table 2. The vital attainments of this 
study are listed below:

(1)	 The slip parameter demolishes the impacts by the free-
stream velocity

(2)	 It is also perceived that the Concentration losses for 
higher chemical reaction rate � and accompanied by an 
increased mass transfer rate.

(3)	 The generalized slip parameter reinforces the partial 
slip and no-slip conditions.

(4)	 With the increment of radiation parameter Rd a higher 
temperature distribution is recorded.

Table 1   Contrasts of the skin friction f ��(0) with the results in [37, 
38] for M = 0

� Present Ref. [37] Present Ref. [38]
� = 0.0 � = 0.0 � = 5.0 � = 5.0

0.01 0.009996 0.009999 0.009902 0.009906
0.02 0.019927 0.019924 0.019561 0.019558
0.05 0.049242 0.049246 0.047082 0.047088
0.10 0.096640 0.096638 0.088783 0.088784
0.20 0.186041 0.186043 0.159723 0.159720
0.50 0.414730 0.414732 0.311099 0.311098
1.0 0.687616 0.687612 0.465619 0.465616
2.0 0.97046 0.97048 0.640374 0.640372
5.0 1.211823 1.211820 0.872404 0.872403
10.0 1.275871 1.275870 1.024092 1.024090

Table 2   The values of −��(0) 
(local Nusselt number) and 
−��(0) (local Sherwood 
number)

� � M Rd � Nt Nb Le Pr −��(0) −��(0)

0.1 5.0 2.0 0.2 0.2 0.1 0.1 1.0 1.0 0.9516529 0.798065
0.5 0.9048014 0.7778584
1.0 0.8601858 0.7582466
5.0 0.7109313 0.6933064
1.0 0.0 2.0 0.2 0.2 0.1 0.1 1.0 1.0 0.8439852 0.7511538

1.0 0.8601858 0.7582466
3.0 0.8774733 0.7658315
5.0 1.303298 0.9561648

1.0 5.0 0.0 0.2 0.2 0.1 0.1 1.0 1.0 0.8737561 0.7640464
1.0 0.8890647 0.7713718
3.0 0.906109 0.7793992
5.0 0.9164087 0.7840633

1.0 5.0 2.0 0.1 0.2 0.1 0.1 1.0 1.0 0.932658 0.7539289
0.5 0.8170108 0.8284049
1.0 0.720456 0.8869271
1.5 0.6525194 0.9259482

1.0 5.0 2.0 0.2 0.1 0.1 0.1 1.0 1.0 0.7207534 0.8380918
0.5 0.7196422 1.024859
1.0 0.7184977 1.231117
1.5 0.717554 1.414464

1.0 5.0 2.0 0.2 0.2 0.2 0.1 1.0 1.0 1.408767 − 0.0718754
0.3 1.276986 − 0.3901743
0.4 1.357192 − 0.5271557

1.0 5.0 2.0 0.2 0.2 0.1 0.2 1.0 1.0 1.358604 0.9438171
1.180797 1.098576
1.019684 1.171775

1.0 5.0 2.0 0.2 0.2 0.1 0.1 3.0 1.0 0.7136682 1.756096
5.0 0.7114605 2.265156
7.0 0.7102361 2.677877

1.0 5.0 2.0 0.2 0.2 0.1 0.1 1.0 3.0 1.140162 0.7626624
5.0 1.382447 0.5902453
7.0 1.553301 0.4624992
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(5)	 −��(0) varying directly with Pr and inversely with the 
other parameters. −��(0) varies directly with Nb, Le, 
and � on the surface.

(6)	 A comparison of the skin friction f ��(0) with the studies 
in [37, 38] is also conducted. A faster rate of conver-
gence is noticed in our proposed model. See Table 1.
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